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INTRODUCTION 
We consider classification of lower-dimensional homogeneous spaces an immedi-
ate continuation and global version of classification results obtained by Sophus Lie. 
Two-dimensional homogeneous spaces were classified locally by Sophus Lie [L 1] 
and globally by G.D. Mostow [M]. (See also preprint [KTD], where the complete 
classification of two-dimensional homogeneous spaces, both locally and globally, is 
presented.) S. Lie also obtained some results in classification of three-dimensional 
homogeneous spaces and described all subalgebras in the Lie algebra so(4, C) (in 
terms of vector fields). A detailed account of these classifications can be found 
in [L2]. The local classification of all three-dimensional isotropically-faithful homo-
geneous spaces was obtained in [KT], and the classification (local and global) of all 
two- and three-dimensional pseudo-Riemannian isotropically-faithful homogeneous 
spaces was given in [DK]. 
The problem of classification of four-dimensional pseudo-Riemannian homoge-
neous spaces is interesting from the point of view of both geometry and physics, 
and not only in the case of signature (1, 3) (spaces of relativity theory) but also in 
the case of signature (2, 2) (twistors). 
Let (H, M) be a homogeneous space, H = Hx the stabilizer of an arbitrary 
point x E M, and (b, f)) the pair of Lie algebras corresponding to the pair (H, H) 
of Lie groups. 
Lemma. Suppose that the homogeneous space (H, M) admits an invariant pseudo-
Riemannian metric. Then the isotropic representation of the pair (b, f)) 
p: f) ---7 g((b/fJ), p(x)(x +f))= [x, x] +f) l -(x E f), x E f)) 
is faithful. Moreover, there exists a basis of b/fJ such that p(f)) lies in one of the 
following Lie algebras: so(4), so(3, 1), or so(2, 2), which are the real forms of the 
complex Lie algebra so(4, C). 
In accordance with this, we divide solution of our problem into the following 
parts: 
(1) We find (up to conjugation) all possible forms the subalgebra (p(fJ))1C = 
p1C(fJ1C) can assume. This is equivalent to classifying (up to conjugation) 
subalgebras .p in the Lie algebra so ( 4, C). 
(2) For each subalgebra .p obtained in (1), we find (up to equivalence of pairs) 
all complex pairs (g, g) such that the subalgebra p1C(f)1C) is conjugate to .p 
(here g = f)1C). · 
(3) For each complex pair (g, g), we find (up to equivalence of pairs) all its real 
forms (g17 ,g17 ), where() is an anti-involution of the pair (g,g). 
(4) For each real pair obtained in (3), we construct all (up to isomorphism) 
corresponding homogeneous spaces. 
The results of the first part of our work (the classification of the complex pairs) 
was obtained in [K1] (for a summary of results see [K]). We recall this classification 
in Chapter I. 
This paper presents the results of the second part (the classification of the real 
pairs) of our work devoted to classification of four-dimensional homogeneous spaces 
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with an invariant pseudo-Riemannian metric of arbitrary signature. We give this 
classification in Chapter II. A similar classification for the case of Riemannian 
metric can be found in [I]. 
CHAPTER I 
COMPLEX PSEUDO-RIEMANNIAN PAIRS 
1. CLASSIFICATION OF SUBALGEBRAS IN THE LIE ALGEBRA so(4, CC) 
Preliminaries: 
1. For the sake of simplicity instead of the standard notation for a subalgebra 
of so( 4, CC) such as 
{(
X 0 0 0 ) } 0 AX 0 0 
g = 0 0 -X 0 X E CC ' 
0 0 0 -Ax 
where IAI < 1, -% < argA ~%or IAI = 1, 0 ~ argA ~%we use the following 
notation: 
g= (
X 0 0 0 ) 0 AX 0 0 
0 0 -x 0 
0 0 0 -Ax 
I A I < 1, -% < arg A ~ % or I A I = 1, 0 ~ arg A ~ %. 
Here we imply that variables denoted by Latin letters run through CC and that 
parameters are denoted by small Greek letters. 
2. To refer to subalgebras determined in Theorem 1 we use the following notation: 
d.n, 
where d is the dimension of the subalgebra; n is the number of the subalgebra 
in Theorem 1. 
Theorem 1. Any non-zero subalgebra of the Lie algebra so(4, CC) is conjugate 
(with respect to GL(4, CC)) to one and only one of the following subalgebras: 
1.1 
0 
0 
-X 
0 
dim g = 1 
_lJ 1.2 
I A I < 1, -% < arg A ~ % or I A I = 1, 0 ~ arg A ~ % 
1.3 ( ~ ~ ~ ~) 0 0 0 0 
0 0 0 0 
0 
0 
-X 
-x 
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dim g = 2 
2.1 (~ ~ ~X jJ 2.2 (~ t ;~ jJ 
I A I < 1 or I A I = 1, 0 ~ arg A ~ 1r 
2.4 (~ ~ ~X D 
2
.
5 G ~ i: D 
dim g = 3 
3.1 (~ ~ ;~ jJ 3.2 (~ t ;: jJ 
3.3 ( ~0 ~ ~z 
0 -y 
3.5 
4.1 
ReA > 0, or ReA = 0, Im A ~ 0 
JJ 
y 
0 ( ;~ 0 -z 
0 0 
3.4 
dim g = 4 
(
X y 
~ ~X 
0 0 
(
X y 
z t 
0 0 
0 0 
0 0 ) ~x ~z 
-y X 
~x ~z) 
-y -t 
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dim g = 5 
5.1 (~ y 0 ~z ) t -u 0 -x 0 -y -t 
dim g = 6 
uv 
y 0 ~z ) t -u v -x 
0 -y -t 
6.1 
Remark. To simplify the computation, instead of so(4, C) we use the linear Lie 
algebra 6.1, which is conjugate to so(4, C). 
2. CLASSIFICATION OF COMPLEX PAIRS 
Preliminaries: 
1. Let g be one of the subalgebras of the Lie algebra so( 4, C) determined in 
Theorem 1. We assume that the Lie algebra g acts naturally on C4 ; then (g, C4 ) is 
a faithful generalized module. The enumeration of the generalized modules ob-
tained in this way coincide with that of the corresponding subalgebras of so ( 4, C) 
in Theorem 1. 
We say that a pair (g, g) has type n.m, if the corresponding generalized mod-
ule (g, gjg) is isomorphic to the generalized module n.m, i.e., to the generalized 
module (g, C4 ), where g is the subalgebra of so(4, C) supplied with the number n.m 
in Theorem 1. 
2. Let (g, g) be a pair of type n.m. Then without loss of generality we can 
identify the Lie algebra g with the subalgebra n. m of the Lie algebra so ( 4, C). 
Let { u1 , u 2 , u 3 , u4 } be the standard basis of C4 : 
3. We define a pair (g, g) by the commutation table of the Lie algebra g only. 
Here by {e1, ... , en, u1, uz, u3, u4} we denote a basis of g (n =dim g). We assume 
that the Lie algebra g is generated by e1 , ... , en. 
By p, r, s, etc. we denote the parameters appearing in the process of the classi-
fication. If there are some complementary conditions on them, it is indicated just 
after the table. Otherwise we assume that these parameters run through C. 
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Theorem 2. Any complex isotropically faithful pseudo-Riemannian pair (g, g) of 
codimension 4 is equivalent to one and only one of the following: 
0.1 g = {0} 
91 UI U2 U3 U4 92 UI U2 U3 U4 
U1 0 U3 U2 0 ul 0 U3 0 ul 
U2 -U3 0 UI 0 U2 -U3 0 0 PU2 
U3 -u2 -ul 0 0 U3 0 0 0 (p+l)u3 
U4 0 0 0 0 U4 -u1 -pu2 -(p+1)u3 0 
93 ul U2 U3 U4 94 UI U2 U3 U4 
UI 0 0 0 2ul UI 0 0 0 ul 
U2 0 0 UI U2 U2 0 0 0 U1 +u2 
U3 0 -ul 0 u2+u3 U3 0 0 0 u2+u3 
U4 -2u1 -u2 -u2-u3 0 U4 -u1 -u1 -u2 -u2 -u3 0 
9s UI U2 U3 U4 96 UI U2 U3 U4 
UI 0 0 0 UI UI 0 0 0 UI 
U2 0 0 0 U1 +u2 U2 0 0 0 PU2 
U3 0 0 0 PU3 U3 0 0 0 ru3 
U4 -ul -ul-u2 -pu3 0 U4 -u1 -pu2 -ru3 0 
97 UI U2 U3 U4 98 UI U2 U3 U4 
ul 0 0 UI 0 UI 0 0 0 U2 
u2 0 0 0 U2 U2 0 0 0 0 
U3 -ul 0 0 0 U3 0 0 0 UI 
U4 0 -u2 0 0 U4 -U2 0 -ul 0 
gg UI U2 U3 U4 910 ul U2 U3 U4 
ul 0 0 0 UI UI 0 0 0 0 
U2 0 0 0 0 U2 0 0 UI 0 
U3 0 0 0 U2 U3 0 -Ul 0 0 
U4 -ul 0 -U2 0 U4 0 0 0 0 
911 ul U2 U3 U4 
U1 0 0 0 0 
U2 0 0 0 0 
U3 0 0 0 0 
U4 0 0 0 0 
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1.1 
g={ n 0 0 jJ x EC}, AX 0 0 -x 0 0 
A E c, IAI < 1, - ~ < arg A :::;; ~ or I A I = 1, 0:::;; argA:::;; ~ 
A=O 
1. 
[ '] el U1 U2 U3 U4 
el 0 Ul 0 -U3 0 
Ul -ul 0 0 U2 0 
U2 0 0 0 0 U2 
U3 U3 -U2 0 0 U3 
U4 0 0 -U2 -u3 0 
2. [,] el Ul U2 U3 U4 
el 0 Ul 0 -U3 0 
Ul -ul 0 0 0 0 
U2 0 0 0 0 PU2 
U3 U3 0 0 0 U3 
U4 0 0 -pu2 -u3 0 
3. 
[ '] el ul U2 U3 U4 
e1 0 U! 0 -U3 0 
Ul -ul 0 0 e1+u2 0 
U2 0 0 0 0 0 
U3 U3 -el-u2 0 0 0 
U4 0 0 0 0 0 
4. [ ,] el Ul U2 U3 U4 
el 0 Ul 0 -U3 0 
Ul -Ul 0 0 U2 0 
U2 0 0 0 0 0 
U3 U3 -u2 0 0 0 
U4 0 0 0 0 0 
5. [ ,] e1 U1 U2 U3 U4 
el 0 Ul 0 -U3 0 
ul -ul 0 0 el 0 
U2 0 0 0 0 U2 
U3 U3 -el 0 0 0 
U4 0 0 -U2 0 0 
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6. 
[ ' ] e1 U1 U2 U3 U4 
e1 0 U1 0 -U3 0 
U1 -u1 0 0 0 0 
u2 0 0 0 0 U2 
U3 U3 0 0 0 0 
U4 0 0 -u2 0 0 
7. [,] e1 u1 U2 U3 U4 
e1 0 U1 0 -U3 0 
U1 -U1 0 0 e1 0 
U2 0 0 0 0 0 
U3 U3 -e1 0 0 0 
U4 0 0 0 0 0 
A-l 
- 2 
8. [,] e1 U1 U2 U3 U4 
e1 0 U1 1 2U2 -U3 1 -2U4 
U1 -u1 0 0 -2e1 u2 
U2 -~U2 0 0 U4 0 
U3 U3 2e1 -U4 0 0 
U4 1 2U4 -U2 0 0 0 
9. [,] e1 U1 U2 U3 U4 
e1 0 U1 1 1 2U2 -u3 -2U4 
U1 -u1 0 0 0 U2 
U2 1 -2U2 0 0 0 0 
U3 U3 0 0 0 0 
U4 1 2U4 -U2 0 0 0 
I A I < 1, - ~ < arg A ~ ~ or I A I = 1, 0 ~ argA ~ ~ 
10. [,] e1 U1 U2 U3 U4 
e1 0 U1 AU2 -U3 -AU4 
u1 -u1 0 0 0 0 
U2 -AU2 0 0 0 0 
U3 U3 0 0 0 0 
U4 AU4 0 0 0 0 
1.2 
1. 
[ ' ] 
e1 
U1 
U2 
U3 
U4 
1.3 
1. 
[ ' ] 
e1 
u1 
U2 
U3 
U4 
2. 
[ ,] 
e1 
Ut 
U2 
U3 
U4 
3. 
[ ' ] 
e1 
U1 
U2 
U3 
U4 
COMPLEX PSEUDO-RIEMANNIAN PAIRS 
e1 
0 
0 
-x 
-x 
U1 U2 U3 U4 
0 u1 u1 +u2 -u3 -u4 -u4 
-u1 0 0 0 0 
-u1-u2 0 0 0 0 
u3+u4 0 0 0 0 
U4 0 0 0 0 
e1 u1 U2 U3 U4 
0 e1 0 U1 U2 
-e1 0 1 
-2U2 U3 1 2U4 
0 1 2U2 0 ~U4 0 
-u1 -U3 1 
-2U4 0 0 
1 
-u2 -2u4 0 0 0 
e1 U1 U2 
0 0 0 
U3 
U1 
U4 
U2 
0 0 0 ->.e1 +(>.+1)u1 +.Au2 0 
0 0 0 0 U2 
-u1 >.e1- ( >. + 1 )u1- >.u2 0 0 0 
-u2 0 -u2 0 0, 
1>-1 < 1 or 1>-1 = 1, 0 :=:;; arg >. :=:;; 1r 
e1 U1 U2 U3 U4 
0 0 0 u1 U2 
0 0 0 U1 0 
0 0 0 0 U2 
-u1 -u1 0 0 e1 
-U2 0 -u2 -e1 0 
13 
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4. [ ,] el U! U2 ua U4 
el 0 0 0 U! U2 
U! 0 0 0 X y 
U2 0 0 0 y z 
ua -u1 -x -y 0 0 
U4 -u2 -y -z 0 0, 
where 
1 A 1 
x = 1 +A el + 1 +A ul - 1 +A u2' 
1 1 1 
Y = - 1+A e1 + 1+A u1 + 1+A u2, 
A A 1+2A 
z = ---e1 +--ul +--u2 1+A 1+A 1+A ' 
A# -1 
5. [ 'l el U! U2 ua U4 
el 0 0 0 U! U2 
U! 0 0 0 0 0 
U2 0 0 0 U! U2 
ua -ul 0 -ul 0 -ua 
U4 -u2 0 -u2 ua 0 
6. [,] el U! U2 ua U4 
el 0 0 0 U! U2 
U! 0 0 0 0 0 
U2 0 0 0 AU! -Ael +(A+1)u2 
ua -ul 0 -AU! 0 -Aua 
U4 -u2 0 Aei-(A+1)u2 AU a 0 
7. [ ,] el U1 U2 ua U4 
el 0 0 0 U! U2 
ul 0 0 0 0 0 
U2 0 0 0 0 U2 
ua -ul 0 0 0 el 
U4 -u2 0 -u2 -el 0 
8. [ ' l el U! U2 ua U4 
el 0 0 0 Ul U2 
U! 0 0 0 0 0 
U2 0 0 0 -ul el 
ua -ul 0 Ul 0 e1 +ua 
U4 -U2 0 -e1 -e1-u3 0 
COMPLEX PSEUDO-RIEMANNIAN PAIRS 15 
9. 
[ ,] e1 U1 U2 us U4 
e1 0 0 0 U1 U2 
U1 0 0 0 0 U1 
U2 0 0 0 f.LU1 -AJ.Le1 +(:X.+J.L)u2 
us -u1 0 -J.LU1 0 (1- J.L )us 
U4 -u2 -u1 AJ.Le1-(A+J.L)u2 (J.L-1)us 0 
10. 
[ ,] e1 U1 U2 us U4 
e1 0 0 0 U1 u2 
U1 0 0 0 0 U1 
U2 0 0 0 1 2u1 -~e1 +(:X.+~)u2 
us -u1 0 1 -2u1 0 1 e1 +2us 
U4 -u2 -u1 ~e1-(:X.+~)u2 -e1-~us 0 
11. 
[,] e1 u1 U2 us U4 
e1 0 0 0 U1 U2 
U1 0 0 0 0 U1 
U2 0 0 0 (1->..)u1 >..(>..-1)e1 +u2 
us -u1 0 (:X.-1)u1 0 e1 +>..us 
U4 -u2 -u1 >..(1-:X.)e1 -u2 -e1 ->..us 0 
:X.#~ 
12. 
[ ,] e1 U1 U2 us U4 
e1 0 0 0 U1 U2 
U1 0 0 0 -e1 +2u1 U2 
U2 0 0 0 U2 -e1 +u1 
us -u1 e1-2u1 -U2 0 0 
U4 -u2 -u2 e1-u1 0 0 
13. 
[ 'l e1 U1 U2 us U4 
e1 0 0 0 U1 U2 
U1 0 0 0 0 0 
U2 0 0 0 0 U1 
us -u1 0 0 0 e1 
U4 -U2 0 -ul -el 0 
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14. 
[' J el UI U2 U3 U4 
el 0 0 0 U1 U2 
UI 0 0 0 0 0 
U2 0 0 0 0 UI 
U3 -ul 0 0 0 0 
U4 -u2 0 -ul 0 0 
15. 
[ ' J el UI U2 U3 U4 
e1 0 0 0 UI U2 
UI 0 0 0 0 UI 
U2 0 0 0 UI -e1 +u1 +2u2 
U3 -ui 0 -ul 0 0 
U4 -u2 -u1 e1 -u1 -2u2 0 0 
16. 
[ ' J el UI U2 U3 U4 
el 0 0 0 UI U2 
UI 0 0 0 0 0 
U2 0 0 0 u 1 U2-Ul 
U3 -UI 0 -ul 0 -U3 
U4 -U2 0 UI-U2 U3 0 
17. 
[' J el UI U2 U3 U4 
el 0 0 0 UI U2 
UI 0 0 0 0 UI 
U2 0 0 0 AU! -Aei +(1-A)ui +(1+A)u2 
U3 -ul 0 -AUI 0 (1- A)u3 
U4 -u2 -u1 Aei+(A-1)ui-(1+A)u2 (A-1)u3 0 
A#1 
18. 
[ ,] el ui U2 U3 U4 
e1 0 0 0 UI U2 
UI 0 0 0 0 UI 
U2 0 0 0 1 2u1 1 1 3 -2e1 +2u1 +2u2 
U3 -ul 0 1 -2u1 0 1 e1 + 2u3 
U4 1 1 3 1 -u2 -u1 2e1- 2u1- 2u2 -e1- 2u3 0 
22. 
['] el ul Uz us U4 
el 0 0 0 ul Uz 
ul 0 0 0 2ul 2uz 
Uz 0 0 0 uz 1 e1-2u1 
us -ul -2ul -uz 0 U4 
U4 -u2 -2u2 ~u1 -e1 -u4 0 
23. 
[ ,] el Ul Uz Us U4 
el 0 0 0 ul Uz 
ul 0 0 0 X y 
Uz 0 0 0 y z 
us -ul -x -y 0 0 
U4 -uz -y -z 0 0, 
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where 
Two pairs corresponding to parameters ( )q, J-£1 ) and ( .\2 , J-£2 ) are equivalent if and 
only if the points (>. 1 ,~-£ 1 ), (>.2 ,~-£2 ) E C* x C* lie in the same orbit of the action of 
the symmetric group 6 3 on C* x C* generated by the transformations 
(>., J-t) --+ (J-£, >.); c>-, 1-£) --+ ( ~, - x). 
24. [ ' l e1 u1 U2 ua U4 
e1 0 0 0 u1 U2 
U1 0 0 0 0 0 
U2 0 0 0 0 0 
ua -u1 0 0 0 e1 
U4 -u2 0 0 -e1 0 
25. [ ' l e1 U1 U2 U3 U4 
e1 0 0 0 u1 U2 
U1 0 0 0 0 0 
U2 0 0 0 0 0 
ua -u1 0 0 0 0 
U4 -U2 0 0 0 0 
1.4 
g={ G X 0 D xE C} 0 X 0 0 0 0 
1. [,] e1 U1 U2 ua U4 
e1 0 0 u1 U2 e1 
U1 0 0 U1 U2 U1 
U2 -u1 -u1 0 ua 0 
ua -u2 -u2 -u3 0 -ua 
U4 -e1 -u1 0 ua 0 
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2. 
[ ' ] el UI Uz us U4 
el 0 0 ul uz el 
UI 0 0 0 0 PU1 
uz -u1 0 0 0 (p-l)uz 
us -uz 0 0 0 (p-2)us 
U4 -e1 -pu1 (1-p)uz (2-p)us 0 
3. 
[,] el UI uz us U4 
el 0 0 UI Uz el 
ul 0 0 0 0 2ul 
Uz -ul 0 0 el Uz 
us -uz 0 -el 0 0 
U4 -e1 -2u1 -uz 0 0 
4. 
[ ,] el UI Uz us U4 
el 0 0 UI Uz 0 
UI 0 0 UI Uz 0 
Uz -ul -ul 0 us 0 
us -uz -uz -us 0 0 
U4 0 0 0 0 0 
5. 
[,] el UI Uz us U4 
el 0 0 UI uz 0 
UI 0 0 0 0 UI 
Uz -ul 0 0 0 Uz 
us -uz 0 0 0 u1 +us 
U4 0 -Ul -Uz -UI-US 0 
6. 
[ '] e1 U1 uz us U4 
el 0 0 UI Uz 0 
ul 0 0 0 0 UI 
uz -ul 0 0 0 Uz 
us -uz 0 0 0 us 
U4 0 -u1 -uz -us 0 
7. 
[,] el Ul Uz us U4 
el 0 0 ul Uz 0 
UI 0 0 0 U1 0 
Uz -ul 0 0 re1 +uz+u4 0 
us -uz -u1 -re1 -uz -u4 0 PU4 
U4 0 0 0 -pu4 0 
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8. 
[ ' l el Ul U2 U3 U4 
el 0 0 Ul U2 0 
Ul 0 0 0 ul 0 
U2 -ul 0 0 re1 +u2 0 
U3 -u2 -u1 -re1 -u2 0 PU4 
U4 0 0 0 -pu4 0 
9. 
[,] el Ul U2 U3 U4 
el 0 0 Ul U2 0 
Ul 0 0 0 ul 0 
U2 -ul 0 0 re1 +u2+u4 0 
U3 -U2 -Ul -re1 - U2- U4 0 U!-U4 
U4 0 0 0 U4-Ul 0 
10. 
[ ' l el Ul U2 U3 U4 
el 0 0 UI U2 0 
U1 0 0 0 Ul 0 
U2 -ul 0 0 re1 +u2 0 
U3 -u2 -u1 -re1 -u2 0 U!-U4 
U4 0 0 0 U4-Ul 0 
11. 
[ ' l el Ul U2 U3 U4 
el 0 0 Ul u2 0 
Ul 0 0 0 0 0 
U2 -ul 0 0 re1 +u4 0 
U3 -U2 0 -re1 -u4 0 U4 
U4 0 0 0 -u4 0 
12. 
[ ' l el UI U2 U3 U4 
el 0 0 Ul U2 0 
Ul 0 0 0 0 0 
U2 -ul 0 0 re1 0 
U3 -u2 0 -re1 0 U4 
U4 0 0 0 -U4 0 
13. 
[ ' l el Ul U2 U3 U4 
el 0 0 ul U2 0 
Ul 0 0 0 0 0 
U2 -ul 0 0 e1 +u4 0 
U3 -u2 0 -el-u4 0 Ul 
U4 0 0 0 -ul 0 
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14. 
[ ,] el U! U2 U3 U4 
el 0 0 U! U2 0 
U! 0 0 0 0 0 
U2 -U! 0 0 U4 0 
U3 -u2 0 -U4 0 U! 
U4 0 0 0 -U! 0 
15. 
[ ' l el U! U2 U3 U4 
el 0 0 U! U2 0 
U! 0 0 0 0 0 
U2 -U! 0 0 e1 +u4 0 
U3 -u2 0 -e1-u4 0 0 
U4 0 0 0 0 0 
16. 
[ ' l el U! U2 U3 U4 
el 0 0 U! U2 0 
U! 0 0 0 0 0 
U2 -ul 0 0 U4 0 
U3 -u2 0 -U4 0 0 
U4 0 0 0 0 0 
17. 
[ 'l el U! U2 U3 U4 
el 0 0 U! U2 0 
U! 0 0 0 0 0 
U2 -U! 0 0 el 0 
U3 -u2 0 -el 0 U! 
U4 0 0 0 -u1 0 
18. 
[ '] el U! U2 U3 U4 
el 0 0 U! U2 0 
U! 0 0 0 0 0 
U2 -U! 0 0 0 0 
U3 -u2 0 0 0 U! 
U4 0 0 0 -U! 0 
19. 
[,] el U! U2 U3 U4 
el 0 0 U! U2 0 
U! 0 0 0 0 0 
U2 -ul 0 0 el 0 
U3 -u2 0 -el 0 0 
U4 0 0 0 0 0 
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20. [,] el UI U2 U3 U4 
el 0 0 U1 U2 0 
UI 0 0 0 0 0 
U2 -ul 0 0 0 0 
U3 -u2 0 0 0 0 
U4 0 0 0 0 0 
2.1 
g= { (~ 0 0 jJ x,y E C} y 0 0 -X 
0 0 
1. [ ' l el e2 UI U2 U3 U4 
el 0 0 UI 0 -U3 0 
e2 0 0 0 U2 0 -U4 
ul -ul 0 0 0 el 0 
U2 0 -U2 0 0 0 e2 
U3 U3 0 -el 0 0 0 
U4 0 U4 0 -e2 0 0 
2. [ ' l el e2 UI U2 U3 U4 
el 0 0 UI 0 -U3 0 
e2 0 0 0 U2 0 -U4 
U1 -UI 0 0 0 e1 0 
U2 0 -u2 0 0 0 0 
U3 U3 0 -el 0 0 0 
U4 0 U4 0 0 0 0 
3. [ ' l el e2 UI u2 U3 U4 
el 0 0 UI 0 -U3 0 
e2 0 0 0 U2 0 -u4 
UI -UI 0 0 0 0 0 
U2 0 -U2 0 0 0 0 
U3 U3 0 0 0 0 0 
U4 0 U4 0 0 0 0 
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2.2 
g={ G y 0 jJ x,yEi+ AX 0 0 -x 0 -y 
.:\ E C, /.A/ < 1 or /.A/= 1, 0 :=:; arg >. :=:; 1r 
.:\=0 
1. [ ,] e1 e2 UI U2 us U4 
ei 0 e2 UI 0 -us 0 
e2 -e2 0 0 UI -U4 -2e2 
UI -ul 0 0 0 U2 -ui 
U2 0 -ul 0 0 0 U2 
us us U4 -u2 0 0 2us 
U4 0 2e2 UI -u2 -2us 0 
2. [,] ei e2 UI U2 us U4 
ei 0 e2 UI 0 -us 0 
e2 -e2 0 0 UI -U4 0 
UI -ul 0 0 e2 U4 0 
u2 0 -ul -e2 0 (p-1)us pu4 
us us U4 -u4 (1-p)us 0 0 
U4 0 0 0 -pu4 0 0 
3. [ ,] el e2 U! u2 us U4 
el 0 e2 UI 0 -us 0 
e2 -e2 0 0 UI -U4 0 
UI -ul 0 0 0 0 0 
U2 0 -ui 0 0 us U4 
us us U4 0 -us 0 0 
U4 0 0 0 -U4 0 0 
.:\=1 
4. [ ,] el e2 UI U2 us U4 
el 0 0 U! U2 -us -u4 
e2 0 0 0 UI -U4 0 
U! -ui 0 0 0 e2 0 
U2 -U2 -UI 0 0 el e2 
us us U4 -e2 -ei 0 0 
U4 U4 0 0 -e2 0 0 
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5. [ ' l e1 e2 Ul U2 U3 U4 
e1 0 0 U1 U2 -u3 -u4 
e2 0 0 0 Ul -u4 0 
u1 -u1 0 0 0 0 0 
U2 -u2 -u1 0 0 e2 0 
U3 U3 U4 0 -e2 0 0 
U4 U4 0 0 0 0 0 
,\ = -~ 
6. [,] e1 e2 u1 U2 U3 U4 
e1 
e2 
0 3 U1 1 1 ze2 - 2u2 -u3 zU4 
-~e2 0 0 u1 -U4 0 
u1 
U2 
-ul 0 0 U4 0 0 
1 
-ul -u4 0 0 0 2u2 
U3 
U4 
U3 U4 0 0 0 0 
1 0 0 0 0 0 - 2u4 
l-\1 < 1 or l-\1 = 1, 0:::; arg ,\:::; 1r 
7. [ ' l 
e1 0 (1--\)e2u1 
e2 ( ,\ -1) e2 0 0 
u1 -u1 0 0 
U2 -AU2 -Ul 0 
U3 U3 U4 0 
U4 AU4 0 0 
2.3 
AU2 -U3 -AU4 
U1 -U4 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
g= { (~ y -x 0 
0 
0 . X) } 
-x 0 
-x 0 x,yEC 
-y X 
1. 
e1 0 . 
e2 -2e2 
u1 -u1 
U2 U2 
u3 u2+u3 
U4 -U1-U4 
2e2 u1 
0 0 
0 0 
0 
0 
0 
U3 
-u2 -u2-u3 u1 +u4 
U1 -U4 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
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2.4 
g={ G y 0 D x,y E C} 0 y 0 -x 0 0 
1. 
[ ,] el e2 U! U2 us U4 
ei 0 e2 U! 0 -us 0 
e2 -e2 0 0 U! U2 0 
U! -ui 0 0 U! U2 0 
U2 0 -U! -U! 0 us 0 
us us -u2 -u2 -us 0 0 
U4 0 0 0 0 0 0 
2. 
[ 'l ei e2 U! U2 us U4 
ei 0 e2 U! 0 -us 0 
e2 -e2 0 0 U! U2 0 
U! -ui 0 0 0 0 U! 
U2 0 -U! 0 0 0 u2 
us us -U2 0 0 0 us 
U4 0 0 -u1 -u2 -us 0 
3. 
[ 'l el e2 U! U2 us U4 
e1 0 e2 U! 0 -us 0 
e2 -e2 0 0 U! U2 0 
U! -U! 0 0 0 0 0 
U2 0 -U! 0 0 0 0 
us us -u2 0 0 0 0 
U4 0 0 0 0 0 0 
2.5 
g= { G ~ 0 -y 0 
-x 
1. 
[ ,] ei e2 U! U2 us U4 
ei 0 0 0 U! -U4 -2e1 
e2 0 0 0 -2e2 -u2 U! 
U! 0 0 0 2e2-ul u2+u4 2ei-ui 
U2 -U! 2e2 u 1 -2e2 0 -2us U2-U4 
us U4 U2 -u2-u4 2us 0 2us 
U4 2el -u1 u 1 -2el U4-U2 -2us 0 
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2. 
[ ' ] el ez Ul Uz U3 U4 
el 0 0 0 Ul -u4 0 
ez 0 0 0 -2ez -uz Ul 
Ul 0 0 0 -Ul U4 0 
uz -ul 2ez Ul 0 -2u3 -u4 
U3 U4 Uz -U4 2u3 0 0 
U4 0 -ul 0 U4 0 0 
3. 
[ ' ] el e2 Ul Uz U3 U4 
el 0 0 0 Ul -U4 0 
ez 0 0 0 0 -uz Ul 
Ul 0 0 0 0 Ul 0 
Uz -Ul 0 0 0 e1 +gez+(l-h)uz hu1 
U3 U4 u2 -u1 -el-gez+(h-l)uz 0 -(g+h)el +kez- (1 +h)u4 
U4 0 -ul 0 -hu1 (g+h)el-kez+(l+h)u4 0 
Re h > 0 or Re h = 0, Im h ~ 0 (if k =/= 0), hE C (if k = 0) 
4. 
[ ' ] el ez Ul Uz U3 U4 
el 0 0 0 Ul -U4 0 
ez 0 0 0 0 -uz Ul 
Ul 0 0 0 0 Ul 0 
Uz -Ul 0 0 0 gez+(l-h)uz hu1 
U3 U4 Uz -u1 -gez+(h-l)uz 0 -(g+h)el-(l+h)u4 
U4 0 -ul 0 -hu1 (g+h)e1 +(l+h)u4 0 
Re h > 0 or Re h = 0, Im h ~ 0 
5. 
[,] e1 e2 Ul Uz U3 U4 
el 0 0 0 U! -u4 0 
ez 0 0 0 0 -uz Ul 
Ul 0 0 0 0 0 0 
Uz -ul 0 0 0 e1 +gez-Uz Ul 
U3 U4 Uz 0 -e1-ge2+uz 0 -ge1 +kez-u4 
U4 0 -Ul 0 -Ul ge1-kez+u4 0 
6. 
[,] el e2 Ul Uz U3 U4 
el 0 0 0 Ul -U4 0 
ez 0 0 0 0 -uz Ul 
Ul 0 0 0 0 0 0 
Uz -Ul 0 0 0 gez-Uz Ul 
U3 U4 Uz 0 -gez+uz 0 -ge1-u4 
u4 0 -Ul 0 -Ul ge1 +u4 0 
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7. 
[ ' J el e2 UI U2 U3 U4 
el 0 0 0 UI -u4 0 
e2 0 0 0 0 -u2 ul 
ul 0 0 0 0 0 0 
u2 -ul 0 0 0 e1 +e2 0 
U3 U4 U2 0 -el-e2 0 -e1 +ke2 
U4 0 -ul 0 0 e1 -ke2 0 
8. [,] el e2 Ul u2 U3 U4 
el 0 0 0 UI -u4 0 
e2 0 0 0 0 -U2 UI 
ul 0 0 0 0 0 0 
U2 -ul 0 0 0 e2 0 
U3 U4 U2 0 -e2 0 -el 
U4 0 -ul 0 0 el 0 
9. 
[ ' J el e2 UI U2 U3 U4 
el 0 0 0 UI -u4 0 
e2 0 0 0 0 -u2 u1 
ul 0 0 0 0 0 0 
u2 -ul 0 0 0 el 0 
U3 U4 U2 0 -el 0 e2 
U4 0 -ul 0 0 -e2 0 
10. 
[ ' J el e2 UI U2 U3 U4 
el 0 0 0 ul -u4 0 
e2 0 0 0 0 -u2 u1 
ul 0 0 0 0 0 0 
U2 -ul 0 0 0 e1 0 
U3 U4 U2 0 -el 0 0 
U4 0 -ul 0 0 0 0 
11. 
[ ' J el e2 UI U2 U3 U4 
el 0 0 0 u1 -u4 0 
e2 0 0 0 0 -U2 U1 
Ul 0 0 0 0 0 0 
U2 -ul 0 0 0 0 0 
U3 U4 U2 0 0 0 0 
U4 0 -ul 0 0 0 0 
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3.1 
g={ 0 z 0 jJ x,y,zEC} y 0 0 -x 
0 -z 
1. [,] el ez es u1 Uz Us U4 
el 0 0 es u1 0 -us 0 
ez 0 0 -es 0 Uz 0 -u4 
es -es es 0 0 u1 -u4 0 
U1 -ul 0 0 0 0 0 0 
Uz 0 -Uz -Ul 0 0 0 0 
us us 0 U4 0 0 0 0 
U4 0 U4 0 0 0 0 0 
3.2 
g= { 0 y 0 jJ x,y,zEC}, AX -z 0 -x 0 -y 
A. EC, ReA.> 0 or ReA.= 0, ImA.?: 0 
A.=O 
1. [ ' l e1 ez es Ul Uz us U4 
e1 0 ez es U1 0 -us 0 
ez -ez 0 0 0 U1 -U4 -2ez 
es -es 0 0 0 -2es -uz Ul 
ul -ul 0 0 0 2es-ul uz+u4 2ez-UI 
Uz 0 -ul 2es u1-2es 0 -2us Uz-U4 
us us U4 uz -Uz-U4 2us 0 2us 
U4 0 2ez -u1 u1 - 2ez U4-U2 -2us 0 
2. [ ' l el ez es Ul uz us U4 
el 0 ez es Ul 0 -us 0 
ez -ez 0 0 0 Ul -U4 -2ez 
es -es 0 0 0 0 -uz ul 
Ul -ul 0 0 0 0 Uz -ul 
Uz 0 -Ul 0 0 0 0 Uz 
us us U4 Uz -uz 0 0 2us 
U4 0 2ez -u1 Ul -uz -2us 0 
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.A=l 
3. 
[,] el e2 e3 Ul U2 U3 U4 
el 0 0 2e3 Ul U2 -U3 -U4 
e2 0 0 0 0 Ul -U4 0 
e3 -2e3 0 0 0 0 -U2 U1 
ul -ul 0 0 0 0 0 0 
u2 -U2 -ul 0 0 0 e2 0 
U3 U3 u4 U2 0 -e2 0 0 
U4 U4 0 -ul 0 0 0 0 
Re.A>OorRe.A=O, Im.A~O 
4. 
[,] el e2 e3 Ul U2 U3 U4 
el 0 (l-.A)e2 (l+.A)e3 u1 AU2 -u3 -AU4 
e2 (.A -l)e2 0 0 0 U1 -U4 0 
e3 -(l+.A)e3 0 0 0 0 -u2 ul 
ul -ul 0 0 0 0 0 0 
U2 -.Au2 -ul 0 0 0 0 0 
U3 U3 U4 U2 0 0 0 0 
U4 AU4 0 -Ul 0 0 0 0 
3.3 
g={ 0 y 0 JJ x,y,zEC} X -z 0 0 0 -y 
1. 
[ ' ] el e2 e3 ul U2 U3 U4 
el 0 -e2 e3 0 U2 0 -U4 
e2 e2 0 0 0 Ul -U4 0 
e3 -e3 0 0 0 0 -U2 U1 
Ul 0 0 0 0 0 ul 0 
U2 -u2 -u1 0 0 0 pe3+u2 0 
U3 0 U4 U2 -u1 -pe3-u2 0 -pe2-u4 
U4 U4 0 -Ul 0 0 pe2+u4 0 
2. 
[ ' ] el e2 e3 U1 U2 U3 U4 
el 0 -e2 e3 0 U2 0 -U4 
e2 e2 0 0 0 Ul -U4 0 
e3 -e3 0 0 0 0 -u2 Ul 
Ul 0 0 0 0 0 0 0 
U2 -u2 -u1 0 0 0 e3 0 
U3 0 U4 U2 0 -e3 0 -e2 
U4 U4 0 -ul 0 0 e2 0 
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3. [,] el e2 e3 Ul U2 U3 U4 
el 0 -e2 e3 0 u2 0 -u4 
e2 e2 0 0 0 ul -u4 0 
e3 -e3 0 0 0 0 -U2 Ul 
Ul 0 0 0 0 0 0 0 
U2 -u2 -ul 0 0 0 0 0 
U3 0 U4 U2 0 0 0 0 
U4 U4 0 -Ul 0 0 0 0 
3.4 
g={ 0 y 0 ~z) x,y,zEC} -x 0 0 -x 
0 -y 
1. [ ' l e1 e2 e3 U1 U2 U3 U4 
el 0 2e2 -2e3 u1 -U2 -U3 U4 
e2 -2e2 0 el 0 ul -U4 0 
e3 2e3 -e1 0 U2 0 0 -U3 
Ul -ul 0 -U2 0 0 0 0 
u2 U2 -ul 0 0 0 0 0 
U3 U3 U4 0 0 0 0 0 
U4 -U4 0 U3 0 0 0 0 
3.5 
g={ ei y 0 D x,y, z E C} 0 -2y -z -2x 0 0 
1. [ ' l el e2 e3 Ul U2 U3 U4 
el 0 2e2 -2e3 2ul 0 -2u3 0 
e2 -2e2 0 el 0 Ul -2u2 0 
e3 2e3 -el 0 2u2 -U3 0 0 
Ul -2u1 0 -2u2 0 0 0 Ul 
U2 0 -ul U3 0 0 0 U2 
U3 2u3 2u2 0 0 0 0 U3 
U4 0 0 0 -ul -u2 -U3 0 
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2. 
[ ' ] e1 e2 e3 ul U2 U3 U4 
el 0 2e2 -2e3 2ul 0 -2u3 0 
e2 -2e2 0 el 0 U! -2u2 0 
e3 2e3 -el 0 2u2 -U3 0 0 
U! -2ul 0 -2u2 0 e2 el 0 
U2 0 -ul U3 -e2 0 e3 0 
U3 2u3 2u2 0 -el -e3 0 0 
U4 0 0 0 0 0 0 0 
3. 
[ '] e1 e2 e3 U! U2 U3 U4 
el 0 2e2 -2e3 2ul 0 -2u3 0 
e2 -2e2 0 el 0 Ul -2u2 0 
e3 2e3 -el 0 2u2 -U3 0 0 
ul -2ul 0 -2u2 0 0 0 0 
U2 0 -ul U3 0 0 0 0 
U3 2u3 2u2 0 0 0 0 0 
U4 0 0 0 0 0 0 0 
4.1 
g={ G z 0 jJ x, y, z, t E IC} y -t 0 -x 
0 -z 
1. [ ,] el e2 e3 e4 ul u2 U3 U4 
e1 0 0 e3 e4 U! 0 -U3 0 
e2 0 0 -e3 e4 0 U2 0 -u4 
e3 -e3 e3 0 0 0 u1 -u4 0 
e4 -e4 -e4 0 0 0 0 -u2 ul 
ul -ul 0 0 0 0 0 0 0 
U2 0 -u2 -ul 0 0 0 0 0 
U3 U3 0 U4 U2 0 0 0 0 
U4 0 U4 0 -ul 0 0 0 0 
32 B. KOMRAKOV, JNR. 
4.2 
g= { (~ y 0 ~z) x,y,z,t E <C} t 0 0 -x 
0 -y -t 
1. 
[' l el e2 es e4 U! U2 us U4 
el 0 0 2es -2e4 U! -u2 -us U4 
e2 0 0 0 0 U! U2 -us -U4 
es -2es 0 0 el 0 U! -U4 0 
e4 2e4 0 -el 0 U2 0 0 -us 
U! -U! -U! 0 -u2 0 0 e1 + 3e2 2es 
U2 U2 -U2 -U! 0 0 0 2e4 -e1 + 3e2 
us us us U4 0 -e1- 3e2 -2e4 0 0 
U4 -u4 U4 0 us -2es e1- 3e2 0 0 
2. 
[ ,] el e2 es e4 U! U2 us U4 
el 0 0 2es -2e4 u1 -u2 -us U4 
e2 0 0 0 0 U! U2 -Us -U4 
es -2es 0 0 el 0 U! -U4 0 
e4 2e4 0 -el 0 U2 0 0 -us 
U! -U! -U! 0 -u2 0 0 0 0 
U2 U2 -u2 -u1 0 0 0 0 0 
us us us U4 0 0 0 0 0 
U4 -U4 U4 0 us 0 0 0 0 
4.3 
g= { (~ y 0 ~z) x,y,z, t E <C} -x -t 0 -x 
0 -y 
1. 
[ ,] el e2 es e4 U! U2 us U4 
el 0 2e2 -2es 0 U! -U2 -Us U4 
e2 -2e2 0 el 0 0 U! -U4 0 
es 2es -el 0 0 U2 0 0 -us 
e4 0 0 0 0 0 0 -u2 U! 
U! -ul 0 -U2 0 0 0 0 0 
U2 U2 -U! 0 0 0 0 0 0 
us us U4 0 U2 0 0 0 e4 
U4 -U4 0 us -U! 0 0 -e4 0 
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2. 
[' J el e2 es e4 U! U2 U3 U4 
el 0 2e2 -2e3 0 U! -u2 -u3 U4 
e2 -2e2 0 el 0 0 U! -U4 0 
€3 2e3 -el 0 0 U2 0 0 -U3 
e4 0 0 0 0 0 0 -u2 U! 
U! -ul 0 -u2 0 0 0 0 0 
U2 U2 -ul 0 0 0 0 0 0 
U3 U3 U4 0 U2 0 0 0 0 
U4 -U4 0 U3 -ul 0 0 0 0 
5.1 
g={ 0 y 0 ~z) x,y,z,t,u E IC} t -u 0 -x 
0 -y -t 
1. 
[ ,] el e2 e3 e4 es U! U2 U3 U4 
e1 0 0 2e3 -2e4 0 U! -U2 -U3 U4 
e2 0 0 0 0 2es U! U2 -U3 -U4 
e3 -2e3 0 0 el 0 0 U! -U4 0 
e4 2e4 0 -el 0 0 U2 0 0 -U3 
es 0 -2es 0 0 0 0 0 -u2 U! 
U! -ul -ul 0 -u2 0 0 0 0 0 
U2 U2 -u2 -ul 0 0 0 0 0 0 
U3 U3 us U4 0 U2 0 0 0 0 
U4 -U4 U4 0 us -U! 0 0 0 0 
6.1 
g = { (jv y 0 ~z) x, y, z, t, u, v E IC} t -u v -x 
0 -y -t 
1. 
[ ' J el e2 e3 e4 es e6 U! U2 U3 U4 
el 0 0 2e3 -2e4 0 0 U! -u2 -U3 U4 
e2 0 0 0 0 2es -2e6 U! U2 -us -U4 
es -2es 0 0 el 0 0 0 U! -U4 0 
e4 2e4 0 -el 0 0 0 U2 0 0 -us 
es 0 -2es 0 0 0 -e2 0 0 -U2 U! 
e6 0 2e6 0 0 e2 0 -U4 U3 0 0 
U! -ul -ul 0 -U2 0 U4 0 2es e1 + e2 2es 
U2 U2 -u2 -U! 0 0 -U3 -2es 0 2e4 -e1 + e2 
us us U3 U4 0 U2 0 -el- e2 -2e4 0 2e6 
U4 -U4 U4 0 us -U! 0 -2e3 el- e2 -2e6 0 
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2. [ ,] el e2 e3 e4 e5 e6 Ul U2 U3 U4 
el 0 0 2e3 -2e4 0 0 ul -U2 -U3 U4 
e2 0 0 0 0 2e5 -2e6 Ul U2 -U3 -U4 
e3 -2e3 0 0 el 0 0 0 Ul -U4 0 
e4 2e4 0 -el 0 0 0 U2 0 0 -U3 
e5 0 -2e5 0 0 0 -e2 0 0 -u2 Ul 
e6 0 2e6 0 0 e2 0 -u4 U3 0 0 
ul -ul -ul 0 -U2 0 U4 0 0 0 0 
U2 U2 -U2 -ul 0 0 -U3 0 0 0 0 
U3 U3 U3 U4 0 U2 0 0 0 0 0 
U4 -U4 U4 0 U3 -ul 0 0 0 0 0 
CHAPTER II 
CLASSIFICATION OF REAL PAIRS 
PRELIMINARIES. 
1. Let (g, g) be a complex isotropically faithful pseudo-Riemannian pair. An 
anti-involution CJ of g is said to be an anti-involution of the pair (g, g) if CJ(g) =g. 
Every real form of the pair (g, g) coincides with the set of fixed points (gcr, gcr) 
of some anti-involution CJ of the pair (g, g). 
Two real forms (gcr1 , gcr1 ) and (gcr2 , gcr2 ) are equivalent if and only if the corre-
sponding anti-involutions CJ1 and CJ2 are conjugate, i.e. if there exists an automor-
phism f of the pair (g, g) such that (J2 = f (J1 C 1 . 
Let£= {e1, .. , en, u1, .. , u4} be a basis of g, and let A, h, I2 be the matrices off, 
CJ1 , CJ2 with respect to this basis. Then the condition that (gcr1 , gcr1 ) and (gcr2 , gcr2 ) 
are equivalent has the form h = AI 1 A -1 . 
2. Let m.n be a subalgebra of so(4, C). By m.nk denote the real forms of m.n. 
The real pairs corresponding to the linear Lie algebra m.nk will be called the pairs 
of type m.nk. 
3. For each pair (g, g) we fix a basis £ = { e1, .. , en, u1, .. , u4}, where n = dim g. 
Then we can identify the group of automorphisms of (g, g) with A, where A is 
a subgroup of GL(n + 4, C) such that each element of A is the matrix of some 
automorphism of (g, g) with respect to the basis£. 
Similarly, we can identify the set of anti-involutions of the pair (g, g) with I, 
where I is the set of matrices of anti-involutions of (g, g) with respect to the basis 
£. 
Further, the group A ·will be called the group of automorphisms of (g, g) and the 
set I the set of anti-involutions of (g, g). 
4. Let v E g. By X denote the row of coordinates of the vector v with respect 
to the basis£. The expression X= (a1 , .. , an, x, y, z, t) means that 
5. If the anti-involution of the pair (g, g) is equal to En+ 4, then the real form 
of (g, g) corresponding to the anti-involution E has the same structure constants 
as (g, g). 
Indeed, find the set of fixed points of the anti-involution E. 
Let v E g. E(X) =X= X=> X E JRn+4 . 
Then we can choose the following basis of the set of fixed points £' = £ = 
{ e 1 , .. , en, u 1 , .. , u4 }. It follows that the multiplication table of the real form corre-
sponding to the anti-involution E coincides with the multiplication table of (g, g). 
6. Let the linear Lie algebra g have only one (up to the operation AI A-1) 
anti-involution: E. 
Then there exists a basis of g which consists of real elements and which is a basis 
of the real form at the same time (that is, ronghly speaking, the real form has the 
same form as the algebra). 
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The method of finding real pairs with faithful isotropic representation is similar 
to that of finding complex pairs (for a detailed description see [KT] or [Kl]). 
Note that since IlR is not algebraically closed, pairs which are equivalent over C 
can be nonequivalent over IIR. 
7. In the case go- = {0} the classification of real isotropically faithful pairs (go-, go-) 
is equivalent to the classification (up to isomorphism) of all four-dimensional real 
Lie algebras ,go-. It can be found, for example, in [13]. 
Theorem 0.1. Any isotropically faithful pair (go-, go-) of type 0.1 is equivalent to 
one and only one of the following pairs: 
1. [ ' l Ul u2 U3 U4 
ul 0 U3 U2 0 
U2 -U3 0 Ul 0 
U3 -u2 -ul 0 0 
U4 0 0 0 0 
2. [ ' l ul U2 U3 U4 
Ul 0 2u2 -2u3 0 
U2 -2u2 0 Ul 0 
U3 2u2 -Ul 0 0 
U4 0 0 0 0 
3. [ ' l ul U2 U3 U4 
Ul 0 U3 0 Ul 
U2 -U3 0 0 PU2. 
U3 0 0 0 (p+l)u3 
U4 -u1· -pu2 - (p+ 1 )u3 0 
4. [,] Ul U2 U3 U4 
Ul 0 U3 0 pu1 + u2 
U2 -U3 0 0 PU2- Ul 
U3 0 0 0 2pu3 
U4 -pul - U2 U1 - PU2 - 2pu3 0 
p~O 
5. [ ' l U1 U2 U3 U4 
Ul 0 0 0 2ul 
U2 0 0 Ul U2 
U3 0 -ul 0 u2+u3 
U4 -2u1 -u2 -u2-u3 0 
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6. 
[' J U! U2 U3 U4 
U! 0 0 0 U! 
U2 0 0 0 u1 +u2 
U3 0 0 0 u2+u3 
U4 -U! -U!-U2 -U2-U3 0 
7. 
[ ,] U! U2 U3 U4 
U! 0 0 0 U! 
U2 0 0 0 u1 +u2 
U3 0 0 0 PU3 
U4 -U! -U!-U2 -pu3 0 
8. 
[ ,] U! U2 U3 U4 
U! 0 0 0 U! 
U2 0 0 0 PU2 
U3 0 0 0 ru3 
U4 -u1 -pu2 -ru3 0 
9. 
[ 'J U! U2 U3 U4 
U! 0 0 0 pu1 + u2 
U2 0 0 0 PU2- U! 
U3 0 0 0 ru3 
U4 -pu1 - u2 u1 - pu2 -ru3 0 
p?;:O 
10. 
[ 'J ul U2 U3 U4 
U! 0 0 ul 0 
U2 0 0 0 U2 
U3 -ul 0 0 0 
U4 0 -U2 0 0 
11. 
[ 'J ul U2 U3 U4 
U! 0 0 U! -u2 
U2 0 0 U2 U! 
U3 -ul -u2 0 0 
U4 U2 -U! 0 0 
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12. 
[ '] U! U2 U3 U4 
U! 0 0 0 U2 
U2 0 0 0 0 
U3 0 0 0 U! 
U4 -U2 0 -U! 0 
13. [,] U! U2 U3 U4 
U! 0 0 0 U! 
U2 0 0 0 0 
U3 0 0 0 U2 
U4 -U! 0 -U2 0 
14. [ ,] U! U2 U3 U4 
U! 0 0 0 0 
U2 0 0 U! 0 
U3 0 -U! 0 0 
U4 0 0 0 0 
15. [,] U! U2 U3 U4 
U! 0 0 0 0 
U2 0 0 0 0 
U3 0 0 0 0 
U4 0 0 0 0 
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1. REAL FORMS OF PAIRS (g, g) WITH SOLVABLE SUBALGEBRA g 
ONE-DIMENSIONAL CASE 
Theorem 1.1. Any real form of the linear Lie algebra 1.1 is conjugate to one and 
only one of the following linear Lie algebras: 
G 
0 0 ~ }AE [0,1] G 
0 -x 
0 ) 1.11 AX 0 1.12 0 0 -Ax 
0 -x 0 0 ~ , A E [0, r 
0 0 -Ax AX 0 
n 
0 0 
0 ) (~ 0 -x ~ ) , A E]O, I[ 1.13 0 0 -AX 1.14 -Ax 0 0 -x ~ ,AE]O,l] 0 0 AX 0 0 0 AX 
cern~ xsin~ 0 -x~in~). 1.15 -xr~ xcos~ 0 ¢ E]O,~] 0 -X COS 5£. 2 
0 xsin~ -x cos 5£. 2 ex sin~ xcos~ 0 ~ <A ). ¢ E ]0, ~ [ 1.16 -x cos 5£. -x sin 5£. 0 2 2 0 0 xsin~ xcos 2 
0 0 -x cos 5£. xsin~ 2 
Any isotropically faithful pair (ga, ga) of type 1.11 is equivalent to one and only 
one of the following pairs: 
A=O 
1. 
[ 'l el U! U2 U3 U4 
el 0 U! 0 -u3 0 
U! -UI 0 0 U2 0 
u2 0 0 0 0 U2 
U3 U3 -u2 0 0 U3 
U4 0 0 -U2 -u3 0 
2. 
[,] ei U! U2 us U4 
e1 0 U! 0 -U3 0 
U! -UI 0 0 0 0 
u2 0 0 0 0 PU2 
U3 U3 0 0 0 us 
u4 0 0 -pu2 -u3 0 
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3. 
[ '] el U! U2 U3 U4 
el 0 U! 0 -U3 0 
U! -U! 0 0 e1 +u2 0 
U2 0 0 0 0 0 
U3 U3 -e1-u2 0 0 0 
U4 0 0 0 0 0 
4. 
[ ,] el U! U2 U3 U4 
el 0 U! 0 -U3 0 
U! -U! 0 0 U2 0 
U2 0 0 0 0 0 
U3 U3 -u2 0 0 0 
U4 0 0 0 0 0 
5. 
[ '] el U! U2 U3 U4 
el 0 U! 0 -u3 0 
U! -U! 0 0 el 0 
U2 0 0 0 0 U2 
U3 U3 -el 0 0 0 
U4 0 0 -U2 0 0 
6. 
[ ,] el U! U2 U3 U4 
,el 0 U! 0 -u3 0 
U! -U! 0 0 0 0 
U2 0 0 0 0 U2 
U3 U3 0 0 0 0 
U4 0 0 -u2 0 0 
7. 
[ '] el U! U2 U3 U4 
el 0 U! 0 -U3 0 
U! -U! 0 0 el 0 
U2 0 0 0 0 0 
U3 U3 -el 0 0 0 
U4 0 0 0 0 0 
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.A-l 
-2 
8. [ ' l e1 u1 u2 us U4 
e1 0 u1 1 2U2 -us 1 -2U4 
U1 -u1 0 0 -2e1 u2 
u2 1 -2U2 0 0 U4 0 
us us 2e1 -U4 0 0 
U4 1 2U4 -u2 0 0 0 
9. [ ' l e1 U1 u2 us U4 
e1 0 u1 1 1 2U2 -Us - 2 u4 
U1 -u1 0 0 0 u2 
u2 1 -2U2 0 0 0 0 
us us 0 0 0 0 
U4 1 2U4 -u2 0 0 0 
.A E [0, 1] 
10. [ ' l e1 U1 u2 us U4 
e1 0 u1 .Au2 -us -.Au4 
U1 -u1 0 0 0 0 
u2 -.Au2 0 0 0 0 
us us 0 0 0 0 
U4 AU4 0 0 0 0 
Any isotropically faithful pair (gO", gO") of type 1.12 is equivalent to one and only 
one of tbe following pairs: 
.A=O 
1. [ ' l e1 U1 u2 us U4 
e1 0 us 0 -u1 0 
U1 -us 0 0 -U2 U1 
u2 0 0 0 0 2uz 
us u1 uz 0 0 us 
U4 0 -u1 -2uz -us 0 
2. [ ' l e1 U1 Uz us U4 
e1 0 us 0 -u1 0 
U1 -us 0 0 0 u1 
Uz 0 0 0 0 puz 
us u1 0 0 0 us 
U4 0 -u1 -puz -us 0 
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3. 
[ ' ] el Ul U2 U3 U4 
el 0 U3 0 -ul 0 
Ul -U3 0 0 e1 + u2 0 
U2 0 0 0 0 0 
U3 Ul -e1- u2 0 0 0 
U4 0 0 0 0 0 
4. 
[ ' ] el Ul U2 U3 U4 
el 0 U3 0 -ul 0 
Ul -U3 0 0 -e1 + u2 0 
U2 0 0 0 0 0 
U3 Ul el- u2 0 0 0 
U4 0 0 0 0 0 
5. 
[ ' ] el Ul U2 U3 U4 
el 0 U3 0 -ul 0 
U} -U3 0 0 U2 0 
U2 0 0 0 0 0 
U3 U} -U2 0 0 0 
U4 0 0 0 0 0 
6. 
[ ' ] el Ul U2 U3 U4 
e1 0 U3 0 -u1 0 
U} -U3 0 0 el 0 
U2 0 0 0 0 U2 
U3 U} -el 0 0 0 
U4 0 0 -U2 0 0 
7. 
[ ' ] el U} U2 U3 U4 
el 0 U3 0 -u1 0 
Ul -U3 0 0 -e1 0 
U2 0 0 0 0 U2 
U3 Ul el 0 0 0 
U4 0 0 -u2 0 0 
8. 
[ ' ] e1 Ul U2 U3 U4 
el 0 U3 0 -u1 0 
U} -U3 0 0 0 0 
U2 0 0 0 0 U2 
U3 Ul 0 0 0 0 
U4 0 0 -u2 0 0 
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9. 
[ ' l e1 U1 U2 U3 U4 
e1 0 U3 0 -U1 0 
U1 -U3 0 0 e1 0 
U2 0 0 0 0 0 
U3 U1 -e1 0 0 0 
U4 0 0 0 0 0 
10. 
[ ' l e1 U1 U2 U3 U4 
e1 0 U3 0 -u1 0 
U1 -U3 0 0 -e1 0 
u2 0 0 0 0 0 
U3 U1 e1 0 0 0 
U4 0 0 0 0 0 
),-1 
- 2 
11. 
[ ' l e1 U1 U2 U3 U4 
e1 0 U3 1 2U4 -U1 1 -2u2 
U1 -U3 0 U2 -4e1 -U4 
U2 1 -2u4 -u2 0 -u4 0 
U3 U1 4e1 U4 0 U2 
U4 1 2U2 U4 0 -U2 0 
A E [0, 1] 
12. 
[ ' l e1 U1 U2 U3 U4 
e1 0 U3 AU4 -u1 -AU2 
U1 -U3 0 0 0 0 
U2 -Au4 0 0 0 0 
U3 U1 0 0 0 0 
U4 AU2 0 0 0 0 
Any isotropically faithful pair (ga, ga) of type 1.13 is equivalent to one and only 
one pair: 
1. 
[ ' l e1 U1 U2 U3 U4 
e1 0 U1 AU4 -U3 -AU2 
U1 -U1 0 0 0 0 
U2 -Au4 0 0 0 0 
U3 U3 0 0 0 0 
U4 AU2 0 0 0 0 
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Any isotropically faithful pair (gO', gO') of type 1.14 is equivalent to one and only 
one pair: 
1. [ ' l el Ul U2 U3 U4 
el 0 u3 ->.u2 -ul >.u4 
Ul -U3 0 0 0 0 
U2 >.u2 0 0 0 0 
U3 ul 0 0 0 0 
U4 ->.u4 0 0 0 0 
Any isotropically faithful pair (gO', gO') of type 1.15 is equivalent to one and only 
one pair: 
e1 0 cos ~u1 -sin ~u2 sin ~u1 +cos ~u2 -cos ~u3 +sin ~u4 -sin ~u3 -cos ~u4 
u1 -cos ~u1 +sin ~u2 0 0 0 0 
u2 -sin ~u1 -cos ~u2 0 0 0 0 
U3 COS ~U3 -sin ~U4 0 0 0 0 
U4 sin ~u3 +cos ~u4 0 0 0 0 
Any isotropically faithful pair (gO', gO') of type 1.16 is equivalent to one and only 
one pair: 
e1 0 -sin ~u1 -cos ~u2 cos ~u1 -sin ~u2 sin ~u3 -cos ~u4 cos ~u3+sin ~u4 
u1 sin ~u1 +cos ~u2 0 0 0 0 
u2 -cos ~u1 +sin ~u2 0 0 0 0 
u3 -sin ~u3 +cos ~u4 0 0 0 0 
u4 -cos ~u3 -sin ~u4 0 0 0 0 
The proof of the Theorem follows from Propositions 1.1.1-1.1.10. 
Proposition 1.1.1. Any real form of the pair 1.1.1 is equivalent to one and only 
one of the following pairs: 
Proof. 1. The group of automorphisms of the pair 1.1.1 has the form: 
A= 
1 0 0 
0 a 0 
0 0 ab 
0 0 0 
0 0 0 
0 0 
0 0 
0 c 
b 0 
0 1 
-1 
0 
0 
0 
0 
0 0 0 
0 0 b 
0 -ab 0 
a 0 0 
0 0 0 
-1 
0 
c 
0 
1 
a,b E C*, c E C 
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2. The set of anti-involutions of the pair 1.1.1 has the form: 
1 0 0 0 0 -1 0 0 0 -1 
0 a 0 0 0 0 0 0 (3 0 il=E, 
I= I= 0 0 a(3 0 'Y , or 0 0 -a(3 0 'Y a,(3 E C*, 
0 0 0 (3 0 0 a 0 0 0 "(Ere 
0 0 0 0 1 0 0 0 0 1 
3. Let A E A, I E I. Using the operation I ~---+ AIA-1 we obtain that any 
anti-involution of the pair 1.1.1 is conjugate to one and only one of the following: 
1 0 0 0 0 -1 0 0 0 -1 
0 1 0 0 0 0 0 0 1 0 
Il = 0 0 1 0 0 I2 = 0 0 -1 0 0 
0 0 0 1 0 0 1 0 0 0 
0 0 0 0 1 0 0 0 0 1 
4. Find the set of fixed points of the mapping I 2 . 
Let X = (a, x, y, z, t), h(X) = (-a-t, z, -y, x, t), h(X) =X. It follows that 
X= (a, x, y, x, -(a+ a)), where a, x E C, y E :!Ri. 
Consider the following basis of the set of fixed points: 
In this basis the multiplication table of the real form corresponding to the anti-
involution h has the form 1.12 .1. 
Proposition 1.1.2. Any real form of the pair 1.1.2 is equivalent to one and only 
one of the following pairs: 
Proof. 1. The group of automorphisms of the pair 1.1.2 has the form: 
A= 
1 0 0 0 0 
0 a 0 0 0 
0 0 b 0 d 
0 0 0 c 0 
0 0 0 0 1 
-1 0 0 0 -1 
0 0 0 c 0 
0 0 b 0 d 
0 a 0 0 0 
0 0 0 0 1 
a, b, c E C*, d E C 
2. The set of anti-involutions of the pair 1.1.2 has the form: 
if p E IR 
1 0 0 0 0 -1 0 0 0 -1 
0 a 0 0 0 0 0 0 'Y 0 II=E, 
I= I= 0 0 (3 0 b , or 0 0 (3 0 b a,(3,"( E C*, 
0 0 0 'Y 0 0 a 0 0 0 o E rc 
0 0 0 0 1 0 0 0 0 1 
For other values of p there exist no anti-involution. 
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3. Let A E A, I E I. Using the operation I ~--+ AI A-1 we obtain that any 
anti-involution of the pair 1.1.2 is conjugate to one and only one of the following: 
1 0 0 0 0 -1 0 0 0 -1 
0 1 0 0 0 0 0 0 1 0 
Ir= 0 0 1 0 0 I2 = 0 0 -1 0 0 
0 0 0 1 0 0 1 0 0 0 
0 0 0 0 1 0 0 0 0 1 
4. Find the set of fixed points of the mapping h. 
Let X = (a, x, y, z, t), I 2 (X) = (-a-t, z, -y, x, t), I 2 (X) =X. It follows that 
X= (a, x, y, x, -(a+ a)), where a, X E c, y E Jm.i. 
Consider the following basis of the set of fixed points: 
In this basis the multiplication table of the real form corresponding to the anti-
involution h has the form 1.12.2. 
Proposition 1.1.3. Any real form of the pair 1.1.3 is equivalent to one and only 
one of the following pairs: 
1.11 .3, 1.12 .3, 1.12 .4. 
Proof. 1. The group of automorphisms of the pair 1.1.3 has the form: 
1 0 0 0 0 -1 0 0 0 0 
0 a 0 0 0 0 0 0 .!. 0 a 
A= 0 0 1 0 c 0 0 -1 0 c a, bE C*, c E C 
0 0 0 .!. 0 a 0 a 0 0 0 
0 0 0 0 b 0 0 0 0 b 
2. The set of anti-involutions of the pair 1.1.3 has the form: 
1 0 0 0 0 -1 0 0 0 0 
0 a 0 0 0 0 0 0 1. 0 II=E, Q 
I= I= 0 0 1 0 'Y , or 0 0 -1 0 'Y a,/3 E C*, 
0 0 0 1. 0 Q 0 a 0 0 0 "(EC 
0 0 0 0 j3 0 0 0 0 j3 
3. Let A E A, I E I. Using the operation I ~--+ AIA-1 we obtain that any 
anti-involution of the pair 1.1.3 is conjugate to one and only one of the following: 
1 0 0 0 0 -1 0 0 0 0 
0 1 0 0 0 0 0 0 -1 0 
Ir= 0 0 1 0 0 h= 0 0 -1 0 0 
0 0 0 1 0 0 -1 0 0 0 
0 0 0 0 1 0 0 0 0 1 
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-1 0 0 0 0 
0 0 0 1 0 
I3 = 0 0 -1 0 0 
0 1 0 0 0 
0 0 0 0 1 
4. Find the set of fixed points of the mapping h. 
Let X = (a, x, y, z, t), I2(X) = (-a, -:z, -y, -x, t), I2(X) =X. It follows that 
X= (a, x, y, -x, t), where x E C, t E IP?., a, y E IP?.i. 
Consider the following basis of the set of fixed points: 
I· I 1 1 f ·I i i f 
e1 = 2e1, u1 = y'2u1- .J2u3, u 2 = 2u2, u 3 = y'2u1 + .J2u3, u 4 = U4. 
In this basis the multiplication table of the real form corresponding to the anti-
involution I 2 has the form 1.12 .3. 
5. Find the set of fixed points of the mapping h. 
Let X = (a, x, y, z, t), I3(X) = (-a, :z, -y, x, t), h(X) = X. It follows that 
X= (a, x, y, x, t), where x E C, t E IP?., a, y E IP?.i. 
Consider the following basis of the set of fixed points: 
I. f 1 1 I. I i i f 
e1 = 'Z€1, u1 = y'2U1 + y'2U3, U 2 = -'ZU2, u 3 = y'2U1- y'2U3, u 4 = U4. 
In this basis the multiplication table of the real form corresponding to the anti-
involution I 3 has the form 1.12 .4. 
Proposition 1.1.4. Any real form of the pair 1.1.4 is equivalent to one and only 
one of the following pairs: 
Proof. 1. The group of automorphisms of the pair 1.1.4 has the form: 
A= 
1 0 0 
0 a 0 
0 0 ab 
0 0 0 
0 0 0 
b 0 
0 0 
0 d 
b 0 
0 c 
-1 0 0 
0 0 0 
0 0 -ab 
0 a 0 
0 0 0 
0 0 
b 0 
0 d 
0 0 
0 c 
a, b, c E C*, d E C 
2. The set of anti-involutions of the pair 1.1.4 has the form: 
1 0 0 0 0 -1 0 0 0 0 
0 a 0 0 0 0 0 0 /3 0 II=E, 
I= I= 0 0 a/3 0 8 , or 0 0 -a/3 0 8 a,/3,"( E C*, 
0 0 0 /3 0 0 a 0 0 0 8 E C 
0 0 0 0 'Y 0 0 0 0 'Y 
3. Let A E A, I E I. Using the operation I r-? AIA-1 we obtain that any 
anti-involution of the pair 1.1.4 is conjugate to one and only one of the following: 
1 0 0 0 0 -1 0 0 0 0 
0 1 0 0 0 0 0 0 1 0 
Il = 0 0 1 0 0 h= 0 0 -1 0 0 
0 0 0 1 0 0 1 0 0 0 
0 0 0 0 1 0 0 0 0 1 
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4. Find the set of fixed points of the mapping I 2 . 
Let X = (a, x, y, z, t), I 2 (X) = (-a, z, -y, x, t), h(X) = X. It follows that 
X= (a,x,y,x,t), where x E C, t E IPl., a,y E IPl.i. 
Consider the following basis of the set of fixed points: 
In this basis the multiplication table of the real form corresponding to the anti-
involution 12 has the form 1.12 .5. 
Proposition 1.1.5. Any real form of the pair 1.1.5 is equivalent to one and only 
one of the following pairs: 
1.11 .5, 1.12 .6, 1.12 .7. 
Proof. 1. The group of automorphisms of the pair 1.1.5 has the form: 
1 0 0 0 0 -1 0 0 0 0 
0 a 0 0 0 0 0 0 1 0 a 
A= 0 0 b 0 c 0 0 b 0 c a,b E C*, c E C 
0 0 0 1 0 a 0 a 0 0 0 
0 0 0 0 1 0 0 0 0 1 
2. The set of anti-involutions of the pair 1.1.5 has the form: 
I= 1= 
1 0 0 
0 a 0 
0 0 {3 
0 0 0 
0 0 0 
0 0 
0 0 
0 1 
l. 0 
a 
0 1 
, or 
-1 0 0 
0 0 0 
0 0 {3 
0 a 0 
0 0 0 
0 
l. 
a 
0 
0 
0 
0 
0 
'Y 
0 
1 
fl=E, 
a, {3 E C*, 
1EC 
3. Let A E A, I E I. Using the operation I r-1- AIA-1 we obtain that any 
anti-involution of the pair 1.1.5 is conjugate to one and only one of the following: 
h= 
1 0 0 0 0 
0 1 0 0 0 
0 0 1 0 0 
0 0 0 1 0 
0 0 0 0 1 
Is= 
h= 
-1 0 0 
0 0 0 
0 0 -1 
0 1 0 
0 0 0 
-1 0 0 
0 0 0 
0 0 -1 
0 -1 0 
0 0 0 
0 0 
1 0 
0 0 
0 0 
0 1 
4. Find the set of fixed points of the mapping I2. 
0 0 
-1 0 
0 0 
0 0 
0 1 
Let X = (a, x, y, z, t), h(X) = (-a, -z, -y, -x, t), h(X) = X. It follows that 
X= (a, x, y, -x, t), where x E C, t E IPl., a, y E IPl.i. 
CLASSIFICATION OF REAL PAIRS 49 
Consider the following basis of the set of fixed points: 
1. 1 1 1 1. 1 i i 
e1 = ze1, u1 = .J2u1- J2u3, u2 = -zu2, u3 = J2u1 + J2u3, 
In this basis the multiplication table of the real form corresponding to the anti-
involution h has the form 1.12 .6. 
5. Find the set of fixed points of the mapping fs. 
Let X= (a,x,y,z,t), Is(X) = (-a,z,-y,x,t), I3 (X) X. It follows that 
X= (a, x, y, x, t), where x E C, t E IIR, a, y E I!Ri. 
Consider the following basis of the set of fixed points: 
I.· I 1 1 I .. I i i I 
e1 = ze1, u1 = .J2u1 + J2u3, u2 = -zu2, u3 = J2u1 - J2u3, u4 = u4. 
In this basis the multiplication table of the real form corresponding to the anti-
involution I 3 has the form 1.12 • 7. 
Proposition 1.1.6. Any real form of tbe pair 1.1.6 is equivalent to one and only 
one of tbe following pairs: 
1.11 .6, 1.12 .8. 
Proof. 1. The group of automorphisms of the pair 1.1.6 has the form: 
1 0 0 0 0 -1 0 0 0 0 
OaOOO 0 OOcO 
A = 0 0 b 0 d 0 0 b 0 d a, b, c E C*, d E C 
OOOcO 0 aOOO 
00001 0 0001 
2. The set of anti-involutions of the pair 1.1.6 has the form: 
1 0 0 0 0 -1 0 0 0 0 
0 a 0 0 0 0 0 0 I 0 il=E, 
T= I= 0 0 j3 0 8 , or 0 0 j3 0 8 a,/3,1 E C*, 
0 0 0 I 0 0 a 0 0 0 8 E C 
0 0 0 0 1 0 0 0 0 1 
3. Let A E A, I E T. Using the operation I ~--+ AIA-1 we obtain that any 
anti-involution of the pair 1.1.6 is conjugate to one and only one of the following: 
1 0 0 0 0 -1 0 0 0 0 
01000 0 0 010 
h = 0 0 1 0 0 h = 0 0 -1 0 0 
00010 010 00 
00001 0 0 0 01 
4. Find the set of fixed points of the mapping h. 
Let X = (a, x, y, z, t), h(X) = (-a, z, -y, x, t), h(X) X. It follows that 
X= (a, x, y, x, t), where x E C, t E IIR, a, y E I!Ri. 
Consider the following basis of the set of fixed points: 
I. I 1 1 I. I i i I 
e1 = ze1, u1 = J2u1 + J2u3, u2 = -zu2, u3 = J2u1 - J2u3, u4 = u4. 
In this basis the multiplication table of the real form corresponding to the anti-
involution h has the form 1.12 .8. 
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Proposition 1.1.7. Any real form of the pair 1.1.7 is equivalent to one and only 
one of the following pairs: 
Proof. 1. The group of automorphisms of the pair 1.1.7 has the form: 
1 0 0 0 0 -1 0 0 0 0 
Oa 0 0 0 0 0 010 
a 
A= 0 0 b1 0 c1 0 0 b1 0 c1 
00 010 0 a 0 0 0 
a 
0 0 b2 0 C2 0 0 b2 0 C2 
a E C*, 
bbb2,c1,c2 E C, 
b1c2- c1b2 =F 0 
2. The set of anti-involutions of the pair 1.1.7 has the form: 
1 0 0 0 0 -1 0 0 0 0 
Oa 0 0 0 0 0 01.0 
Q 
I= I= 0 0 !31 0 1'1 , or 0 0 !31 0 1'1 
00 01.0 0 a 0 0 0 
Q 
0 0 !32 0 /'2 0 0 !32 0 /'2 
il=E,aEC*, 
f31 , f32, 1'1, 1'2 E C, 
!31!'2 - !32/'1 =F 0 
3. Let A E A, I E I. Using the operation I ~---> AIA-1 we obtain that any 
anti-involution of the pair 1.1. 7 is conjugate to one and only one of the following: 
1 0 0 0 0 -1 0 0 0 0 
0 1 0 0 0 0 0 0 -1 0 
h = 0 0 1 0 0 h = 0 0 -1 0 0 
0 0 0 1 0 0 -1 0 0 0 
00001 0 0 0 01 
-1 0 0 0 0 
0 0 0 1 0 
I3 = 0 0 -1 0 0 
0 1 0 0 0 
0 0 0 0 1 
4. Find the set of fixed points of the mapping I 2 . 
Let X= (a, x, y, z, t), I2 (X) = (-a, -z, -y, -x, t), I2 (X) =X. It follows that 
X= (a, x, y, -x, t), where x E C, t E JR, a, y E Im.i. 
Consider the following basis of the set of fixed points: 
I· I 1 1 I· I i i I 
e1 = 2e1, u1 = J2u1- .j2u3, u2 = -2u2, u3 = J2u1 + J2u3, u4 = u4. 
In this basis the multiplication table of the real form corresponding to the anti-
involution 12 has the form 1.12 .9. 
5. Find the set of fixed points of the mapping fa. 
Let X = (a, x, y, z, t), I 3 (X) = (-a, z, -y, x, t), I 3 (X) = X. It follows that 
X= (a, x, y, x, t), where x E C, t E l:R, a, y E Im.i. 
Consider the following basis of the set of fixed points: 
1. 1 1 1 1 . 1 i i 1 
e1 = 2e1, u1 = J2u1 + J2u3, u2 = -2u2, u3 = J2u1 - J2u3, u4 = U4. 
In this basis the multiplication table of the real form corresponding to the anti-
involution 13 has the form 1.12 .10. 
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Proposition 1.1.8. Any real form of the pair 1.1.8 is equivalent to one and only 
one of the following pairs: 
Proof. 1. The group of automorphisms of the pair 1.1.8 has the form: 
1 0 0 0 0 -1 0 0 0 0 
0 a 0 0 0 0 0 0 1 0 a 
A= 0 0 ab 0 0 0 0 0 0 b a, bE C* 
0 0 0 1 0 0 a 0 0 0 a 
0 0 0 0 b 0 0 -ab 0 0 
2. The set of anti-involutions of the pair 1.1.8 has the form: 
1 0 0 0 0 -1 0 0 0 0 
0 0: 0 0 0 0 0 0 1 0 
a tl=E 
' I= I= 0 0 o:/3 0 0 , or 0 0 0 0 (3 
0 0 0 1. 0 0 0: 0 0 0 o:, /3 E C* a 
0 0 0 0 /3 0 0 -o:/3 0 0 
3. Let A E A, I E I. Using the operation I ~---+ AI A-1 we obtain that any 
anti-involution of the pair 1.1.8 is conjugate to one and only one of the following: 
1 0 0 0 0 -1 0 0 0 0 
0 1 0 0 0 0 0 0 -1 0 
I1 = 0 0 1 0 0 h= 0 0 0 0 1 
0 0 0 1 0 0 -1 0 0 0 
0 0 0 0 1 0 0 1 0 0 
4. Find the set of fixed points of the mapping h. 
Let X = (a, x, y, z, t), h(X) = (-a, -z, t, -x, Y), I2 (X) = X. It follows that 
X= (a, x, y, -x, y), where x, y E C, a E ~i. 
Consider the following basis of the set of fixed points: 
In this basis the multiplication table of the real form corresponding to the anti-
involution I 2 has the form 1.12 .11. 
Proposition 1.1.9. Any real form of the pair 1.1.9 is equivalent to one and only 
one pair: 
Proof. 1. The group of automorphisms of the pair 1.1.9 has the form: 
1 0 0 0 0 
0 a 0 0 0 
A= 0 0 ab 0 0 a, b, c E C* 
0 0 0 c 0 
0 0 0 0 b 
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2. The set of anti-involutions of the pair 1.1.9 has the form: 
1 0 0 0 0 
0 a 0 0 0 il=E, I= I= 0 0 a/3 0 0 
0 0 0 '"'/ 0 
a,/3,'"'/ E C* 
0 0 0 0 /3 
3. Let A E A, I E I. Using the operation I r-+ AIA-1 we obtain that any 
anti-involution of the pair 1.1.9 is conjugate to one and only one: 
1 0 0 0 0 
0 1 0 0 0 
h= 0 0 1 0 0 
0 0 0 1 0 
0 0 0 0 1 
Proposition 1.1.10. Any real form of the pair 1.1.10 is equivalent to one and only 
one of the following pairs: 
1.11 .10 (Re). E [0, 1], Im>. = 0), 
1.13 .1 (Im ). E ] 0, 1], Re ). = 0), 
1.15 .1 (j>.j = 1,arg>. E]O,~]), 
Proof. Consider the following cases: 
1° 0 ). = 0. 
1.12 .12 (Re>.E [0,1],Im>.=O), 
1.14 .1 (Im>. E]O, 1[,Re>. = 0), 
1.16 .1 (j>.j = 1,arg>. E]O, ~[). 
1. The group of automorphisms of the pair 1.1.10 has the form: 
1 0 0 0 0 -1 0 0 0 0 
0 a 0 0 0 0 0 0 d 0 a,d E C*, 
A= 0 0 b1 0 C1 0 0 b1 0 C1 b1, b2, c1, C2 E c, 
0 0 0 d 0 0 a 0 0 0 b1c2 - c1b2 =I= 0 
0 0 b2 0 C2 0 0 b2 0 C2 
2. The set of anti-involutions of the pair 1.1.10 has the form: 
1 0 0 0 0 -1 0 0 0 0 
0 a 0 0 0 0 0 0 8 0 II = E, a, 8 E C*, 
I= I= 0 0 /31 0 '"'/1 ,or 0 0 /31 0 '"'/1 /31, /32, '"'/1, '"'/2 E C, 
0 0 0 8 0 0 a 0 0 0 /31 '"'/2 - /32'"'/1 =I= 0 
0 0 /32 0 '"'/2 0 0 /32 0 '"'/2 
3. Let A E A, I E I. Using the operation I r-+ AIA-1 we obtain that any 
anti-involution of the pair 1.1.10 is conjugate to one and only one of the following: 
1 0 0 0 0 -1 0 0 0 0 
0 1 0 0 0 0 0 0 1 0 
h= 0 0 1 0 0 I2 = 0 0 -1 0 0 
0 0 0 1 0 0 1 0 0 0 
0 0 0 0 1 0 0 0 0 1 
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4. Find the set of fixed points of the mapping I 2 . 
Let X = (a, x, y, z, t), h(X) = (-a, z, -y, x, t), I2(X) = X. It follows that 
X= (a, x, y, x, t), where x E C, t E JR., a, y E JR.i. 
Consider the following basis of the set of fixed points: 
In this basis the multiplication table of the real form corresponding to the anti-
involution h has the form 1.12 .12 (.A= 0). 
2°. >. = 1. 
1. The group of automorphisms of the pair 1.1.10 has the form: 
A= 
1 0 
0 a1 
0 a2 
0 0 
0 0 
0 0 0 
bl 0 0 
b2 0 0 
0 C1 d1 
0 C2 d2 
-1 0 0 
0 0 0 
0 0 0 
0 a1 b1 
0 a2 b2 
a1, a2, b1, b2, 
c1, c2, d1, d2 E C, 
a1b2 - b1a2 i= 0, 
erd2 - d1c2 i= 0 
2. The set of anti-involutions of the pair 1.1.10 has the form: 
1 0 0 0 0 -1 0 0 0 0 
0 a1 !31 0 0 0 0 0 /'1 81 
I= I= 0 a2 !32 0 0 , or 0 0 0 /'2 82 
0 0 0 1'1 81 0 a1 !31 0 0 
0 0 0 /'2 82 0 a2 !32 0 0 
II= E, a1, a2, (31, (32, /'1, ')'2, 8r, 82 E C, 
a1f32 - !31 a2 i= 0, 1'182 - 811'2 i= 0 
3. Let A E A, I E I. Using the operation I ~---+ AI A-1 we obtain that any 
anti-involution of the pair 1.1.10 is conjugate to one and only one of the following: 
1 0 0 0 0 -1 0 
0 1 0 0 0 0 0 
h= 0 0 1 0 0 h= 0 0 
0 0 0 1 0 0 1 
0 0 0 0 1 0 0 
4. Find the set of fixed points of the mapping h. 
Let X = (a,x,y,z,t), h(X) = (-a,z,t,x,y), h(X) 
X= (a, x, y, x, Y), where x, y E C, a E JR.i. 
Consider the following basis of the set of fixed points: 
0 0 0 
0 1 0 
0 0 1 
0 0 0 
1 0 0 
X. It follows that 
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In this basis the multiplication table of the real form corresponding to the anti-
involution h has the form 1.12 .12 (.X= 1). 
3° . .X= i. 
1. The group of automorphisms of the pair 1.1.10 has the form: 
1 0 0 0 0 -1 0 0 0 0 
0 a 0 0 0 0 0 0 c 0 
A= 0 0 b 0 0 0 0 0 0 d 
0 0 0 c 0 0 a 0 0 0 
0 0 0 0 d 0 0 b 0 0 
1 0 0 0 0 1 0 0 0 0 i i 
0 0 0 0 d 0 0 b 0 0 
0 a 0 0 0 0 0 0 c 0 a, b, c, dEC* 
0 0 b 0 0 0 0 0 0 d 
0 0 0 c 0 0 a 0 0 0 
2. The set of anti-involutions of the pair 1.1.10 has the form: 
1 0 0 0 0 -1 0 0 0 0 
0 a 0 0 0 0 0 0 '"'( 0 
I= IE 0 0 0 0 8 0 0 f3 0 0 
0 0 0 '"'( 0 0 a 0 0 0 
0 0 f3 0 0 0 0 0 0 8 
.!. 0 0 0 0 _.!. 0 0 0 0 i i 
0 0 f3 0 0 0 0 0 0 8 II=E, 0 a 0 0 0 0 0 0 '"'( 0 
a, {3, '"'f, 8 E C* 0 0 0 0 8 0 0 f3 0 0 
0 0 0 '"'( 0 0 a 0 0 0 
3. Let A E A, I E I. Using the operation I 1---7 AI A-1 we obtain that any 
anti-involution of the pair 1.1.10 is conjugate to one and only one of the following: 
1 0 0 0 0 .!. 0 0 0 0 i 
0 1 0 0 0 0 0 1 0 0 
h= 0 0 0 0 1 I2 = 0 1 0 0 0 
0 0 0 1 0 0 0 0 0 1 
0 0 1 0 0 0 0 0 1 0 
4. Find the set of fixed points of the mapping I 1 . 
Let X = (a, x, y, z, t), h(X) = (a, x, t, z, Y), h(X) =X. It follows that X = 
(a, x, y, z, y), where y E C, a, x, z E JR. 
Consider the following basis of the set of fixed points: 
In this basis the multiplication table of the real form corresponding to the anti-
involution h has the form 1.13 .1 (.X = 1). 
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5. Find the set of fixed points of the mapping I 2 . 
Let X = (a, x, y, z, t), I2(X) = (~, y, x, t, z), I2(X) = X. It follows that X = 
((~- .)z)a, x, x, z, z), where x, z E C, a E R 
Consider the following basis of the set of fixed points: 
I (1 i) I I· · I I· · 
e 1 = .j2- .j2 e1, u 1 = U1 + U2, U 2 = ZU1- ZU2, Us= Us+ U4, u 4 = ZUs- ZU4. 
In this basis the multiplication table of the real form corresponding to the anti-
involution h has the form 1.15 .1 ( ¢ = ~). 
4°. Re.X E]O, 1[, Im.X = 0. 
1. The group of automorphisms of the pair 1.1.10 has the form: 
1 0 0 0 0 -1 0 0 0 0 
0 a 0 0 0 0 0 0 c 0 
A= 0 0 b 0 0 0 0 0 0 d a, b, c, dEC* 
0 0 0 c 0 0 a 0 0 0 
0 0 0 0 d 0 0 b 0 0 
2. The set of anti-involutions of the pair 1.1.10 has the form: 
1 0 0 0 0 -1 0 0 0 0 
0 a 0 0 0 0 0 0 '"'( 0 Il=E, 
'I= I= 0 0 (3 0 0 , or 0 0 0 0 8 
0 0 0 '"'( 0 0 a 0 0 0 a, (3, '"'(, 8 E C* 
0 0 0 0 8 0 0 (3 0 0 
3. Let A E A, I E 'I. Using the operation I r-+ AI A-1 we obtain that any 
anti-involution of the pair 1.1.10 is conjugate to one and only one of the following: 
1 0 0 0 0 -1 0 0 0 0 
0 1 0 0 0 0 0 0 1 0 
Il = 0 0 1 0 0 h= 0 0 0 0 1 
0 0 0 1 0 0 1 0 0 0 
0 0 0 0 1 0 0 1 0 0 
4. Find the set of fixed points of the mapping h. 
Let X = (a,x,y,z,t), I2 (X) = (-a,z,t,x,y), I2(X) =X. It follows that 
X= (a, x, y, x, Y), where x, y E C, a E Illi. 
Consider the following basis of the set of fixed points: 
In this basis the multiplication table of the real form corresponding to the anti-
involution I 2 has the form 1.12 .12 (.X E ]0, 1[). 
5°. Im.X E]O, 1[, Re.A = 0. 
1. The group of automorphisms of the pair 1.1.10 has the form: 
A= 
1 0 0 0 0 
0 a 0 0 0 
0 0 b 0 0 
0 0 0 c 0 
0 0 0 0 d 
-1 0 0 0 0 
0 0 0 c 0 
0 0 0 0 d 
0 a 0 0 0 
0 0 b 0 0 
a, b,c, dEC* 
56 B. KOMRAKOV, JNR. 
2. The set of anti-involutions of the pair 1.1.10 has the form: 
1 0 0 0 0 -1 0 0 0 0 
0 a 0 0 0 0 0 0 '"'( 0 II=E, 
'I= I= 0 0 0 0 8 , or 0 0 f3 0 0 
0 0 0 '"'( 0 0 a 0 0 0 a, {3, '"'/, 8 E C* 
0 0 f3 0 0 0 0 0 0 8 
3. Let A E A, I E I. Using the operation I ~----+ AI A-1 we obtain that any 
anti-involution of the pair 1.1.10 is conjugate to one and only one of the following: 
1 0 0 0 0 -1 0 0 0 0 
0 1 0 0 0 0 0 0 1 0 
h= 0 0 0 0 1 I2 = 0 0 1 0 0 
0 0 0 1 0 0 1 0 0 0 
0 0 1 0 0 0 0 0 0 1 
4. Find the set of fixed points of the mapping h. 
Let X= (a,x,y,z,t), h(X) = (a,x,t,z,Y), h(X) =X. It follows that X= 
(a, x, y, z, y), where y E C, a, x, z E ~. 
Consider the following basis of the set of fixed points: 
In this basis the multiplication table of the real form corresponding to the anti-
involution h has the form 1.13 .1 (.:\ E]0,1[). 
5. Find the set of fixed points of the mapping h. 
Let X = (a, x, y, z, t), I2(X) = (-a, z, y, x,t), h(X) 
X= (a,x,y,x,t), where x E C, a E ~i, y,t E R 
Consider the following basis of the set of fixed points: 
\ 
X. It follows that 
In this basis the multiplication table of the real form corresponding to the anti-
involution I 2 has the form 1.14 .1. 
6°.1.:\1=1, arg.\E]O,~[. 
1. The group of automorphisms of the pair 1.1.10 has the form: 
1 0 0 0 
0 a 0 0 
A= o o b 0 
0 0 0 c 
0 0 0 0 
0 
0 
0 
0 
d 
-1 0 
0 0 
0 0 
0 a 
0 0 
0 0 0 
0 c 0 
0 0 d a,b,c,d E C* 
0 0 0 
b 0 0 
2. The set of anti-involutions of the pair 1.1.10 has the form: 
1 0 0 0 0 1 0 0 0 0 >: -x 
0 0 f3 0 0 0 0 0 0 8 II=E, 
'I= I~ 0 a 0 0 0 , or 0 0 0 "( 0 
a, {3, '"'(, 8 E C* 0 0 0 0 8 0 0 f3 0 0 
0 0 0 "( 0 0 a 0 0 0 
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3. Let A E A, I E I. Using the operation I ~---+ AI A-1 we obtain that any 
anti-involution of the pair 1.1.10 is conjugate to one and only one of the following: 
1 0 0 0 0 1 0 0 0 0 X -x 
0 0 1 0 0 0 0 0 0 1 
h= 0 1 0 0 0 h= 0 0 0 1 0 
0 0 0 0 1 0 0 1 0 0 
0 0 0 1 0 0 1 0 0 0 
4. Find the set of fixed points of the mapping h. 
Let X= (a,x,y,z,t), I 1 (X) = (¥,y,x,t,z), h(X) =X. It follows that X= 
(ae-if, x, x, z, z), where x, z E C, a E ~' ¢ = arg ..\.. 
Consider the following basis of the set of fixed points: 
In this basis the multiplication table of the real form corresponding to the anti-
involution h has the form 1.15 .1 ( ¢ E ]0, % [). 
5. Find the set of fixed points of the mapping I 2 . 
Let X = (a, x, y, z, t), I2 (X) = ( -¥,t, z, y, x), h(X) X. It follows that 
_ i(</>+rr) __ 
X=(ae 2 ,x,y,y,x),wherex,yEC,aE~,¢=arg,\. 
Consider the following basis of the set of fixed points: 
In this basis the multiplication table of the real form corresponding to the anti-
involution h has the form 1.16 .1. 
For other values of ,\ there exist no anti-involution. 
Theorem 1.2. Any real form of the linear Lie algebra 1.2 is conjugate to one and 
only one of the following linear Lie algebras: 
(
X X 0 
0 X 0 
0 0 -x 
0 0 -x 
jJ (~ -x 0 0 0 ~ ~X) 0 -x X 0 
Any isotropically faithful pair (g"", g"") of type 1.21 is equivalent to one and only 
one pair: 
1. [ ' l e1 u1 U2 U3 U4 
e1 0 U1 u 1 +u2 -U3 -U4 -U4 
U1 -u1 0 0 0 0 
U2 -u1-u2 0 0 0 0 
U3 u3+u4 0 0 0 0 
U4 U4 0 0 0 0 
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Any isotropically faithful pair (gu, gu) of type 1.22 is equivalent to one and only 
one pair: 
1. 
[ ' ] el ul U2 U3 U4 
el 0 u 2 -u1 u 2 + u4 -u1 - u 3 
Ul -u2 0 0 0 0 
U2 Ul 0 0 0 0 
U3 -u2- u4 0 0 0 0 
U4 u1 +u3 0 0 0 0 
Proof. 1. The group of automophisms of the pair 1.2.1 has the form: 
1 0 0 0 0 -1 0 0 0 0 
0 a c 0 0 0 0 0 d b 
A= 0 0 a 0 0 0 0 0 b 0 a, b E C*, c, d E C 
0 0 0 b 0 0 0 a 0 0 
0 0 0 d b 0 a c 0 0 
2. The set of anti-involutions of the pair 1.2.1 has the form: 
1 0 0 0 0 -1 0 0 0 0 
0 a '"'/ 0 0 0 0 0 0 {3 Il=E, 
I= I= 0 0 a 0 0 , or 0 0 0 {3 0 a, {3 E C*, 
0 0 0 {3 0 0 0 a 0 0 '"'(,0 E C 
0 0 0 0 {3 0 a '"'/ 0 0 
3. Let A E A, I E I. Using the operation I ~---+ AI A-1 we obtain that any 
anti-involution of the pair 1.2.1 is conjugate to one and only one of the following: 
1 0 0 0 0 -1 0 
0 1 0 0 0 0 0 
h= 0 0 1 0 0 I2 = 0 0 
0 0 0 1 0 0 0 
0 0 0 0 1 0 1 
4. Find the set of fixed points of the mapping I 2 . 
Let X = (a, x, y, z, t), h(X) = ( -a,t, z, y, x), h(X) 
X= (a, x, y, y, x), where x, y E C, a E lRi. 
Consider the following basis of the set of fixed points: 
0 0 0 
0 0 1 
0 1 0 
1 0 0 
0 0 0 
X. It follows that 
In this basis the multiplication table of the real form corresponding to the anti-
involution h has the form 1.22 .1. 
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Theorem 1.3. Any real form of the linear Lie algebra 1.3 is conjugate to one and 
only one linear Lie algebra: 
(
0 0 X 0) 0 0 0 X 
0 0 0 0 
0 0 0 0 
Any isotropically faithful pair (gu, gu) of type 1.31 is equivalent to one and only 
one of the following pairs: 
1. 
[ ' l e1 U1 U2 U3 U4 
e1 0 e1 0 U1 U2 
U1 -e1 0 1 -z-u2 U3 1 2u4 
U2 0 1 2 u2 0 1 2u4 0 
U3 -u1 -U3 1 -z-u4 0 0 
U4 1 -U2 -z-U4 0 0 0 
2. 
[ ' l e1 U1 U2 U3 U4 
e1 0 0 0 U1 U2 
U1 0 0 0 -.\e1 +(.\+l)u1 +.\u2 0 
U2 0 0 0 0 U2 
U3 -u1 .\e1-(.\+l)u1-.\u2 0 0 0 
U4 -U2 0 -u2 0 0 
l.\1 ~ 1 
3. 
[ ' l e1 U1 U2 U3 U4 
e1 0 0 0 U1 U2 
u1 0 0 0 U1 0 
U2 0 0 0 0 U2 
U3 -u1 -u1 0 0 e1 
U4 -U2 0 -u2 -e1 0 
4. 
[ ' l e1 U1 U2 U3 U4 
e1 0 0 0 u1 U2 
U1 0 0 0 -(1+.\2)e1 +2.\u1 +(1+.\2)u2 0 
U2 0 0 0 0 u2· 
U3 -u1 (l+.\2)e1-2.\u1-(l+.\2)u2 0 0 0 
U4 -U2 0 -u2 0 0 
.\~0 
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5. 
0 0 0 
0 0 0 
0 0 0 
-u1 .A 2+Jl:e1 - 1+>.2 u2 .\e1 -u1-.\u2 U3 J.L-l J.L-1 
U4 -u2 .\e1-u1-.\u2 J-Lel-(J-L+1)u2 0 0 
I .XI ~ o, J-L # 1 
6. 
[ ' ] el Ul U2 U3 U4 
el 0 0 0 ul U2 
Ul 0 0 0 -U2 U1 
U2 0 0 0 Ul U2 
U3 -ul U2 -ul 0 el 
U4 -u2 -u1 -u2 -e1 0 
7. 
[ ' ] el ul U2 U3 U4 
el 0 0 0 ul U2 
Ul 0 0 0 X y 
U2 0 0 0 y z 
U3 -u1 -x -y 0 0 
U4 -u2 -y -z 0 0, 
where 
1 .\ 1 
x = 1+.\ e1 + 1+,\ u1- 1+.\ u2, 
1 1 1 
y = - 1+,\ e1 + 1+,\ u1 + 1+.\ u2, 
.\ .\ 1 +2.\ 
z = ---e1 +--u1 +--u2 1+.\ 1+,\ 1+.\ ' 
.\ # -1 
8. [,] e1 U1 U2 U3 U4 
e1 0 0 0 Ul U2 
Ul 0 0 0 0 0 
U2 0 0 0 Ul U2 
U3 -Ul 0 -ul 0 -U3 
U4 -U2 0 -u2 U3 0 
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9. 
[' J e1 u1 U2 U3 U4 
e1 0 0 0 u1 U2 
U1 0 0 0 0 0 
U2 0 0 0 .\u1 -.\e1 +(.\+1)u2 
U3 -u1 0 ->.u1 0 ->.u3 
U4 -U2 0 .\e1- (>.+ 1)u2 AU3 0 
10. 
[ ,] e1 u1 U2 U3 U4 
e1 0 0 0 U1 U2 
U1 0 0 0 0 0 
U2 0 0 0 0 U2 
U3 -u1 0 0 0 e1 
U4 -u2 0 -u2 -e1 0 
11. 
[,] e1 u1 U2 U3 U4 
e1 0 0 0 U1 U2 
U1 0 0 0 0 0 
U2 0 0 0 -u1 e1 
U3 -u1 0 U1 0 e1 +u3 
U4 -U2 0 -e1 -e1 -u3 0 
12. 
[' J e1 U1 U2 U3 U4 
e1 0 0 0 U1 U2 
U1 0 0 0 0 U1 
U2 0 0 0 f.LU1 - AJ.Le1 + ( >. + J.L )u2 
U3 -u1 0 -J.LU1 0 (1-J.L)U3 
U4 -u2 -u1 AJ.Le1-(.\+J.L)u2 (J.L-1)u3 0 
13. 
[ ' J e1 U1 U2 U3 U4 
e1 0 0 0 u1 U2 
u1 0 0 0 0 u1 
U2 0 0 0 1 2u1 -~e1 +(.\+~)u2 
U3 -u1 0 1 -2u1 0 1 e1 +2u3 
U4 -u2 -u1 ~e1-(.\+~)u2 -e1-~u3 0 
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14. 
[ ,] el U! U2 U3 U4 
el 0 0 0 U! U2 
U! 0 0 0 0 U! 
U2 0 0 0 (1-.A)ul .A(.A-1)el +u2 
U3 -ul 0 (.A-1)ul 0 e1 +.Au3 
U4 -u2 -u1 .A(1-.A)el-u2 -e1-.Au3 0 
.A#~ 
15. 
[ ' J el U! U2 U3 U4 
e1 0 0 0 U! U2 
U! 0 0 0 -e1 +2ul U2 
U2 0 0 0 U2 -e1 +u1 
U3 -u1 e1-2u1 -u2 0 0 
U4 -U2 -u2 e1-u1 0 0 
16. 
[ 'J e1 U! U2 U3 U4 
el 0 0 0 U! U2 
U! 0 0 0 -e1 +2ul U2 
U2 0 0 0 U2 el-ul 
U3 -u1 e1-2u1 -U2 0 0 
U4 -u2 -U2 
. 
-e1 +u1 0 0 
17. 
[ ' J el U! U2 U3 U4 
el 0 0 0 U! U2 
ul 0 0 0 0 0 
U2 0 0 0 0 U! 
U3 -ul 0 0 0 e1 
U4 -U2 0 -ul -el 0 
18. 
[ ' J e1 U! U2 U3 U4 
el 0 0 0 U! U2 
U! 0 0 0 0 0 
U2 0 0 0 0 ul 
U3 -ul 0 0 0 0 
U4 -U2 0 -ul 0 0 
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19. 
[ ,] e1 U1 U2 U3 U4 
e1 0 0 0 u1 U2 
U1 0 0 0 0 U1 
U2 0 0 0 U1 -e1 +u1 +2u2 
U3 -u1 0 -U1 0 0 
U4 -u2 -u1 e1 -u1 -2u2 0 0 
20. 
[,] e1 U1 U2 U3 U4 
e1 0 0 0 u1 U2 
U1 0 0 0 0 0 
U2 0 0 0 U1 U2-U1 
U3 -u1 0 -u1 0 -u3 
U4 -U2 0 U1-U2 U3 0 
21. 
[ ' l e1 U1 U2 U3 U4 
e1 0 0 0 U1 U2 
U1 0 0 0 0 U1 
U2 0 0 0 .Au1 -.Ae1 +(1-.A)u1 +(1+.A)u2 
U3 -u1 0 -.Au1 0 (1- .A)u3 
U4 -u2 -u1 .Ae1 +(.A-1)u1-(1+.A)u2 (.A-1)u3 0 
..\#1 
22. 
[' l e1 U1 U2 U3 U4 
e1 0 0 0 U1 U2 
U1 0 0 0 0 U1 
U2 0 0 0 1 2U1 1 1 3 -2e1 +2u1 +2u2 
U3 -u1 0 1 -2U1 0 1 e1 + 2u3 
U4 1 1 3 1 -U2 -U1 2e1- 2U1- 2U2 -e1- 2U3 0 
23. 
[ ' l e1 U1 U2 U3 U4 
e1 0 0 0 u1 U2 
U1 0 0 0 0 U1 
U2 0 0 0 0 u1 +u2 
U3 -u1 0 0 0 e1 +u3 
U4 -u2 -u1 -u1 -u2 -e1 -u3 0 
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24. 
[ ' l e1 U1 u2 U3 U4 
e1 0 0 0 u1 U2 
U1 0 0 0 (1-2.A)e1 +2.Au1 (2.A-1)u2 
U2 0 0 0 AU2 2>.-1 1 2(>.-1) e1- 2(>.-1) u1 
U3 -u1 (2.A-1)e1-2.Au1 -Au2 0 (.A- 1)u4 
U4 -U2 (1-2.A)u2 1-2>. 1 2(>.-1) e1 + 2(>.-1) u1 (1-.A)u4 0 
.Ai:1 
25. 
[ ' l e1 u1 U2 U3 U4 
e1 0 0 0 U1 U2 
U1 0 0 0 (1-2.A)e1 +2.Au1 (2.A-1)u2 
U2 0 0 0 AU2 1-2,\ 1 2(-X-1) e1 + 2(-X-1) u1 
U3 -u1 (2.A-1)e1-2.Au1 -.Au2 0 (.A- 1)u4 
U4 -u2 (1-2.A)u2 1-2-X 1 
- 2(A.-1) e1- 2(A.-1) u1 (1-.A)u4 0 
.Ai:1 
26. 
[ ' l e1 U1 U2 U3 U4 
e1 0 0 0 u1 U2 
U1 0 0 0 1 4 
-3e1 +3u1 1 3U2 
U2 0 0 0 2 3U2 1 3 -2e1 +2u1 
U3 1 4 -u1 3e1- 3u1 2 -3U2 0 1 e1-3u4 
U4 -u2 1 -3u2 1 3 2e1- 2u1 1 3u4-e1 0 
27. 
[ ' l e1 U1 U2 U3 U4 
e1 0 0 0 U1 U2 
u1 0 0 0 1 4 
-3e1 +3u1 1 3U2 
U2 0 0 0 2 3U2 1 3 2e1-2u1 
U3 1 4 -u1 3e1- 3u1 2 -3u2 0 1 e1-3u4 
U4 -u2 1 -3u2 1 3 -2e1 +2u1 1 3u4-e1 0 
28. 
[ ' l e1 u1 U2 U3 U4 
e1 0 0 0 U1 U2 
U1 0 0 0 2u1 2u2 
U2 0 0 0 U2 1 e1-2u1 
U3 -u1 -2u1 -U2 0 U4 
U4 -u2 -2u2 ~u1 -e1 -u4 0 
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29. 
[ ,] ei U! U2 us U4 
ei 0 0 0 U! U2 
U! 0 0 0 2ui 2u2 
U2 0 0 0 U2 1 -e1 +2u1 
us -UI -2UI -u2 0 U4 
U4 -U2 -2U2 e1- ~UI -U4 0 
30. 
[,] ei U! U2 Us U4 
ei 0 0 0 U1 U2 
U! 0 0 0 X y 
U2 0 0 0 y z 
us -UI -X -y 0 0 
U4 -u2 -y -z 0 0, 
where 
A + J-L - AJ-L =J= 0, -1 ::::; J-L ::::; A, AJ-L > 0 
31. 
[,] el U! U2 us U4 
el 0 0 0 U! U2 
U! 0 0 0 0 0 
U2 0 0 0 0 0 
us -UI 0 0 0 ei 
U4 -U2 0 0 -e1 0 
32. 
[ ' l ei U1 U2 Us U4 
e1 0 0 0 U1 U2 
U! 0 0 0 0 0 
U2 0 0 0 0 0 
us -UI 0 0 0 0 
U4 -u2 0 0 0 0 
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Proof. Consider the trivial pair 1.3.25. 
1. The group of automophisms of the pair 1.3.25 has the form: 
a 0 0 0 0 
0 abs acs b1 C1 a E C*, 
A= 0 ab4 ac4 b2 C2 b1, b2, bs, b4, c1, c2, cs, C4 E rc, 
0 0 0 bs cs bsc4- csb4 # 0 
0 0 0 b4 C4 
2. The set of anti-involutions of the pair 1.3.25 has the form: 
a 0 0 0 0 
0 af3s a')'s !31 1'1 II = E, a E C*, 
I= I= 0 a/34 a')'4 !32 1'2 f31, f32, f3s, /34, 1'1 , 1'2, ')'s, 1' 4 E C, 
0 0 0 f3s ')'s f3s'Y4 - 'Ys/34 # 0 
0 0 0 !34 1'4 
3. Let A E A, I E I. Using the operation I r--+ AIA-1 we obtain that any 
anti-involution of the pair 1.3.25 is conjugate to one and only one: 
1 0 0 0 0 
0 1 0 0 0 
I1 = 0 0 1 0 0 
0 0 0 1 0 
0 0 0 0 1 
It follows that any real form of linear Lie algebra 1.3 is conjugate to one and 
only one Lie algebra: 1.31 . 
Theorem 1.4. Any real form of the linear Lie algebra 1.4 is conjugate to one and 
only one linear Lie algebra: 
(
0 X 0 0) 0 0 X 0 
0 0 0 0 
0 0 0 0 
Any isotropically faithful pair (gO', gO') of type 1.41 is equivalent to one and only 
one of the following pairs: 
1. [ ,] e1 U1 U2 us U4 
e1 0 0 U1 U2 e1 
U1 0 0 U1 U2 U1 
U2 -u1 -u1 0 us 0 
us -u2 -u2 -us 0 -us 
U4 -e1 -u1 0 us 0 
CLASSIFICATION OF REAL PAIRS 67 
2. 
[ ,] el U! U2 U3 U4 
el 0 0 U! U2 el 
UI 0 0 0 0 PUI 
u2 -ul 0 0 0 (p-l)u2 
U3 -u2 0 0 0 (p-2)u3 
U4 -e1 -pu1 (l-p)u2 (2-p)u3 0 
3. 
[,] el Ul U2 U3 U4 
e1 0 0 Ul U2 el 
ul 0 0 0 0 2ul 
U2 -ul 0 0 el U2 
U3 -u2 0 -el 0 0 
U4 -e1 -2u1 -u2 0 0 
4. 
[,] el Ul U2 U3 U4 
el 0 0 U! u2 el 
Ul 0 0 0 0 2u1 
U2 -ul 0 0 -el U2 
U3 -u2 0 el 0 0 
U4 -e1 -2u1 -u2 0 0 
5. 
[ ,] el ul U2 U3 U4 
el 0 0 ul U2 0 
Ul 0 0 U! U2 0 
U2 -ul -ul 0 U3 0 
U3 -u2 -u2 -u3 0 0 
U4 0 0 0 0 0 
6. 
[ 'l el Ul U2 U3 U4 
el 0 0 Ul U2 0 
U! 0 0 0 0 Ul 
U2 -ul 0 0 0 U2 
U3 -u2 0 0 0 u1+u3 
U4 0 -u1 -u2 -u1 -u3 0 
7. 
[,] el Ul U2 U3 U4 
el 0 0 U! U2 0 
U! 0 0 0 0 U! 
U2 -ul 0 0 0 U2 
U3 -u2 0 0 0 -u1 +u3 
U4 0 -Ul -U2 U1 -U3 0 
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8. 
[ ' l el U! U2 U3 U4 
el 0 0 U! U2 0 
U! 0 0 0 0 U! 
U2 -U! 0 0 0 U2 
U3 -U2 0 0 0 U3 
U4 0 -u1 -U2 -U3 0 
9. 
[ ,] e1 U! U2 U3 U4 
el 0 0 U! u2 0 
U! 0 0 0 U! 0 
U2 -U! 0 0 re1 +u2+u4 0 
U3 -u2 -u1 -re1 -u2-u4 0 PU4 
U4 0 0 0 -pu4 0 
10. 
[ ' l el U! u2 U3 U4 
el 0 0 U! U2 0 
U! 0 0 0 U! 0 
U2 -U! 0 0 re1 +u2 0 
U3 -u2 -u1 -re1-u2 0 PU4 
U4 0 0 0 -pu4 0 
11. 
[' l e1 U! U2 U3 U4 
el 0 0 U! U2 0 
U! 0 0 0 U! 0 
U2 -U! 0 0 re1 +u2+u4 0 
U3 -U2 -U! -re1 -U2-U4 0 U!-U4 
U4 0 0 0 U4-U1 0 
12. 
[ ,] el U! U2 U3 U4 
el 0 0 U! U2 0 
U! 0 0 0 U! 0 
U2 -ul 0 0 re1 +u2 0 
U3 -U2 -u1 -re1 -u2 0 U!-U4 
U4 0 0 0 U4-U! 0 
13. 
[ ' l e1 U! U2 U3 U4 
el 0 0 U! U2 0 
U! 0 0 0 0 0 
U2 -U! 0 0 re1 +u4 0 
U3 -u2 0 -re1-u4 0 U4 
U4 0 0 0 -U4 0 
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14. 
[,] el Ul U2 U3 U4 
el 0 0 ul U2 0 
ul 0 0 0 0 0 
U2 -ul 0 0 re1 0 
U3 -U2 0 -re1 0 U4 
U4 0 0 0 -U4 0 
15. 
[ ' l el ul U2 U3 U4 
el 0 0 ul u2 0 
Ul 0 0 0 0 0 
u2 -ul 0 0 e1 +u4 0 
U3 -u2 0 -el-u4 0 ul 
U4 0 0 0 -Ul 0 
16. 
[ ' l el Ul U2 U3 U4 
el 0 0 Ul U2 0 
Ul 0 0 0 0 0 
U2 -ul 0 0 -e1 +u4 0 
U3 -u2 0 el-u4 0 Ul 
U4 0 0 0 -ul 0 
17. 
[ ' l el Ul U2 U3 U4 
el 0 0 ul U2 0 
Ul 0 0 0 0 0 
U2 -ul 0 0 U4 0 
U3 -U2 0 -U4 0 ul 
U4 0 0 0 -u1 0 
18. 
[ ' l el Ul U2 U3 U4 
el 0 0 U1 U2 0 
Ul 0 0 0 0 0 
U2 -ul 0 0 e1 +u4 0 
U3 -u2 0 -el-u4 0 0 
U4 0 0 0 0 0 
19. 
[ ' l el U1 U2 U3 U4 
el 0 0 Ul U2 0 
Ul 0 0 0 0 0 
U2 -ul 0 0 -e1 +u4 0 
U3 -U2 0 el-u4 0 0 
U4 0 0 0 0 0 
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20. 
[' l el ul U2 U3 U4 
el 0 0 ul U2 0 
ul 0 0 0 0 0 
U2 -ul 0 0 U4 0 
U3 -u2 0 -U4 0 0 
U4 0 0 0 0 0 
21. 
[ ' l el U1 U2 U3 U4 
el 0 0 ul U2 0 
Ul 0 0 0 0 0 
U2 -ul 0 0 el 0 
U3 -u2 0 -el 0 ul 
U4 0 0 0 -Ul 0 
22. 
[ ,] el Ul U2 U3 U4 
el 0 0 Ul U2 0 
Ul 0 0 0 0 0 
U2 -ul 0 0 -el 0 
U3 -U2 0 e1 0 U1 
U4 0 0 0 -u1 0 
23. 
[ ' l el Ul U2 U3 U4 
el 0 0 Ul U2 0 
ul 0 0 0 0 0 
U2 -ul 0 0 0 0 
us -u2 0 0 0 U1 
U4 0 0 0 -ul 0 
24. 
[' l el Ul U2 Us U4 
el 0 0 Ul U2 0 
ul 0 0 0 0 0 
U2 -ul 0 0 el 0 
us -u2 0 -el 0 0 
U4 0 0 0 0 0 
25. 
[ ,] el Ul U2 us U4 
el 0 0 ul U2 0 
Ul 0 0 0 0 0 
U2 -ul 0 0 -e1 0 
us -u2 0 e1 0 0 
U4 0 0 0 0 0 
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26. [ ' l e1 U1 U2 U3 U4 
e1 0 0 U1 U2 0 
U1 0 0 0 0 0 
U2 -u1 0 0 0 0 
U3 -u2 0 0 0 0 
U4 0 0 0 0 0 
Proof. Consider the trivial pair 1.4.20. 
1. The group of automorphisms of the pair 1.4.20 has the form: 
a 0 0 0 0 
0 a2b3 ab2 b1 c 
A= 0 0 ab3 b2 0 a,b3,d E C*,b1,b2,b4,c E C 
0 0 0 b3 0 
0 0 0 b4 d 
2. The set of anti-involutions of the pair 1.4.20 has the form: 
a 0 0 0 0 
0 a 2f33 a/32 !31 "( il = E, a,/33,8 E C*, I= I= 0 0 af33 !32 0 
0 0 0 !33 0 f3b fJ2, /34, 'Y E C 
0 0 0 !34 8 
3. Let A E A, I E I. Using the operation I ~ AIA-1 we obtain that any 
anti-involution of the pair 1.4.20 is conjugate to one and only one: 
1 0 0 0 0 
0 1 0 0 0 
h= 0 0 1 0 0 
0 0 0 1 0 
0 0 0 0 1 
It follows that any real form of linear Lie algebra 1.4 is conjugate to one and 
only one Lie algebra: 1.41. 
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2. REAL FORMS OF PAIRS (g, g) WITH SOLVABLE SUBALGEBRA g 
TWO-DIMENSIONAL CASE 
Theorem 2.1. Any real form of the linear Lie algebra 2.1 is conjugate to one and 
only one of the following linear Lie algebras: 
(~ 0 0 JJ n 0 0 iy) 2.11 y 0 2.12 0 0 0 -X 0 -x 0 0 y 0 
G 
0 -x 
iy) (~ -y 0 JJ 2.13 0 0 2.14 X 0 0 0 0 -x y 0 0 -y 
Any isotropically faithful pair (ga, ga) of type 2.1 1 is equivalent to one and only 
one of the following pairs: 
1. [ ,] e1 e2 u1 U2 U3 U4 
e1 0 0 u1 0 -u3 0 
e2 0 0 0 U2 0 -U4 
u1 -u1 0 0 0 e1 0 
U2 0 -U2 0 0 0 e2 
U3 U3 0 -e1 0 0 0 
U4 0 U4 0 -e2 0 0 
2. [ ,] e1 e2 U1 U2 U3 U4 
e1 0 0 u1 0 -u3 0 
e2 0 0 0 U2 0 -U4 
U1 -u1 0 0 0 e1 0 
U2 0 -U2 0 0 0 0 
U3 U3 0 -e1 0 0 0 
U4 0 U4 0 0 0 0 
3. [ 'l e1 e2 U1 U2 U3 U4 
e1 0 0 U1 0 -u3 0 
e2 0 0 0 U2 0 -u4 
U1 -u1 0 0 0 0 0 
U2 0 -U2 0 0 0 0 
U3 U3 0 0 0 0 0 
U4 0 U4 0 0 0 0 
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Any isotropically faithful pair (ga, £() of type 2.12 is equivalent to one and only 
one of the following pairs: 
1. [,] el e2 ul U2 U3 U4 
el 0 0 ul 0 -U3 0 
e2 0 0 0 U4 0 -U2 
ul -ul 0 0 0 el 0 
U2 0 -U4 0 0 0 e2 
U3 U3 0 -el 0 0 0 
U4 0 U2 0 -e2 0 0 
2. 
[' J el e2 ul U2 U3 U4 
el 0 0 U! 0 -U3 0 
e2 0 0 0 U4 0 -u2 
ul -ul 0 0 0 el 0 
U2 0 -U4 0 0 0 -e2 
U3 U3 0 -el 0 0 0 
U4 0 U2 0 e2 0 0 
3. 
[ ' J el e2 ul U2 U3 U4 
el 0 0 ul 0 -U3 0 
e2 0 0 0 U4 0 -u2 
ul -Ul 0 0 0 el 0 
U2 0 -U4 0 0 0 0 
U3 U3 0 -el 0 0 0 
U4 0 U2 0 0 0 0 
4. [ ,] e1 e2 U! U2 U3 U4 
el 0 0 Ul 0 -U3 0 
e2 0 0 0 U4 0 -u2 
ul -ul 0 0 0 0 0 
U2 0 -U4 0 0 0 e2 
U3 U3 0 0 0 0 0 
U4 0 U2 0 -e2 0 0 
5. 
[ ' J el e2 U1 U2 U3 U4 
el 0 0 U1 0 -U3 0 
e2 0 0 0 U4 0 -u2 
U! -ul 0 0 0 0 0 
U2 0 -u4 0 0 0 -e2 
U3 U3 0 0 0 0 0 
U4 0 U2 0 e2 0 0 
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6. 
[ ' ] e1 e2 Ul U2 U3 U4 
el 0 0 Ul 0 -U3 0 
e2 0 0 0 U4 0 -u2 
ul -ul 0 0 0 0 0 
U2 0 -U4 0 0 0 0 
U3 U3 0 0 0 0 0 
U4 0 U2 0 0 0 0 
Any isotropically faithful pair (ga, ga) of type 2.13 is equivalent to one and only 
one of the following pairs: 
1. 
[ ' ] el e2 Ul U2 U3 U4 
el 0 0 U3 0 -u1 0 
e2 0 0 0 U4 0 -u2 
ul -U3 0 0 0 el 0 
U2 0 -U4 0 0 0 e2 
U3 U1 0 -el 0 0 0 
U4 0 U2 0 -e2 0 0 
2. [,] el e2 Ul U2 U3 U4 
el 0 0 U3 0 -ul 0 
e2 0 0 0 U4 0 -u2 
ul -U3 0 0 0 el 0 
U2 0 -U4 0 0 0 -e2 
U3 ul 0 -e.l 0 0 0 
u4 0 U2 0 e2 0 0 
3. 
[ '] el e2 ul u2 U3 U4 
el 0 0 U3 0 :._Ul 0 
e2 0 0 0 U4 0 -U2 
Ul -U3 0 0 0 -el 0 
U2 0 -U4 0 0 0 -e2 
U3 Ul 0 e1 0 0 0 
U4 0 U2 0 e2 0 0 
4. [,] e1 e2 ul U2 U3 U4 
el 0 0 U3 0 -u1 0 
e2 0 0 0 U4 0 -u2 
ul -U3 0 0 0 el 0 
U2 0 -U4 0 0 0 0 
U3 Ul 0 -el 0 0 0 
U4 0 U2 0 0 0 0 
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5. [ ' l el e2 U1 U2 us U4 
e1 0 0 Us 0 -Ul 0 
e2 0 0 0 U4 0 -u2 
U1 -us 0 0 0 -el 0 
U2 0 -U4 0 0 0 0 
us UI 0 el 0 0 0 
U4 0 U2 0 0 0 0 
6. [ ' l el e2 U1 U2 us U4 
ei 0 0 Us 0 -Ul 0 
e2 0 0 0 U4 0 -u2 
UI -us 0 0 0 0 0 
U2 0 -U4 0 0 0 0 
us UI 0 0 0 0 0 
U4 0 U2 0 0 0 0 
Any isotropically faithful pair (go-, go-) of type 2.14 is equivalent to one and only 
one of the following pairs: 
1. 
[,] el e2 UI U2 us U4 
el 0 0 UI U2 -Us -U4 
e2 0 0 U2 -ul -u4 us 
UI -ul -u2 0 0 el e2 
U2 -U2 UI 0 0 e2 -el 
us us U4 -el -e2 0 0 
U4 U4 -us -e2 el 0 0 
2. [ ' l el e2 UI U2 us U4 
el 0 0 UI U2 -us -u4 
e2 0 0 U2 -Ul -U4 us 
UI -u1 -u2 0 0 0 0 
U2 -U2 UI 0 0 0 0 
us us U4 0 0 0 0 
U4 U4 -us 0 0 0 0 
The proof of the Theorem follows from Proposition 2.1.1-2.1.3. 
Proposition 2.1.1. Any real form of the pair 2.1.1 is equivalent to one and only 
one of the following pairs: 
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Proof. 1. The group of automorphisms of the pair 2.1.1 has the form: 
1 0 0 0 0 0 1 0 0 0 0 0 
0 1 0 0 0 0 0 -1 0 0 0 0 
A= 0 0 a 0 0 0 0 0 a 0 0 0 0 0 0 b 0 0 ' 0 0 0 0 0 1 b 
0 0 0 0 1 0 0 0 0 0 1 0 a a 
0 0 0 0 0 1 0 0 0 b 0 0 b 
-1 0 0 0 0 0 -1 0 0 0 0 0 
0 1 0 0 0 0 0 -1 0 0 0 0 
0 0 0 0 1 0 0 0 0 0 1 0 a a 
0 0 0 b 0 0 0 0 0 0 0 1 b 
0 0 a 0 0 0 0 0 a 0 0 0 
0 0 0 0 0 1 0 0 0 b 0 0 b 
0 1 0 0 0 0 0 -1 0 0 0 0 
1 0 0 0 0 0 1 0 0 0 0 0 
0 0 0 b 0 0 0 0 0 0 0 1 b 
0 0 a 0 0 0 ' 0 0 a 0 0 0 
0 0 0 0 0 1 0 0 0 b 0 0 b 
0 0 0 0 1 0 0 0 0 0 1 0 a a 
0 1 0 0 0 0 0 -1 0 0 0 0 
-1 0 0 0 0 0 -1 0 0 0 0 0 
0 0 0 b 0 0 0 0 0 0 0 1 b a, bE C* 0 0 0 0 1 0 0 0 0 0 1 0 a a 
0 0 0 0 0 1 0 0 0 b 0 0 b 
0 0 a 0 0 0 0 0 a 0 0 0 
2. The set of anti-involutions of the pair 2.1.1 has the form: 
1 0 0 0 0 0 1 0 0 0 0 0 
0 1 0 0 0 0 0 -1 0 0 0 0 
'I= IE 
0 0 a 0 0 0 0 0 a 0 0 0 
0 0 0 (3 0 0 ' 0 0 0 0 0 1 73 
0 0 0 0 1 0 0 0 0 0 1. 0 Q 
1 Q 0 0 0 0 0 73 0 0 0 /3 0 0 
-1 0 0 0 0 0 -1 0 0 0 0 0 
0 1 0 0 0 0 0 -1 0 0 0 0 
0 0 0 0 1. Q 0 0 0 0 0 
1 
Q 0 
0 0 0 /3 0 0 0 0 0 0 0 1 73 
0 0 a 0 0 0 0 0 a 0 0 0 
0 0 0 0 0 1 0 0 0 /3 0 0 73 
0 1 0 0 0 0 0 -1 0 0 0 0 
1 0 0 0 0 0 -1 0 0 0 0 0 
0 0 0 /3 0 0 0 0 0 0 0 1 If=E, 73 
0 0 a 0 0 0 0 0 0 0 1 0 a,/3 E C* 
0 0 0 0 0 1 
Q 
73 0 0 0 f3 0 0 
0 0 0 0 1. Q 0 0 0 a 0 0 0 
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3. Let A E A, I E I. Using the operation I 1--7 AI A-1 we obtain that any 
anti-involution of the pair 2.1.1 is conjugate to one and only one of the following: 
h= 
1 0 0 0 0 0 
0 1 0 0 0 0 
0 0 1 0 0 0 
0 0 0 1 0 0 
0 0 0 0 1 0 
0 0 0 0 0 1 
1 0 0 0 0 0 
0 -1 0 0 0 0 
0 0 1 0 0 0 
0 0 0 0 0 -1 
0 0 0 0 1 0 
0 0 0 -1 0 0 
I3 = 
Is= 
1 0 0 
0 -1 0 
0 0 
0 0 0 
0 0 0 
1 0 0 0 
0 0 0 1 
0 0 1 0 
0 1 0 0 
-1 0 
0 -1 
0 0 
0 0 
0 0 
0 
0 
0 
0 
0 
0 
-1 0 
0 -1 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 0 0 
0 0 0 0 
0 0 -1 0 
0 0 0 1 
-1 0 0 0 
0 1 0 0 
h= 
0 1 0 0 0 0 
1 0 0 0 0 0 
0 0 0 1 0 0 
0 0 1 0 0 0 
0 0 0 0 0 1 
0 0 0 0 1 0 
-1 
0 
0 
0 
0 
0 
4. Find the set of fixed points of the mapping I 2 . 
0 0 
0 . 0 
0 0 
0 0 
-1 0 
0 -1 
0 
0 
-1 
0 
0 
0 
0 
0 
0 
-1 
0 
0 
0 0 0 0 0 
-1 0 0 0 0 
0 0 0 1 0 
0 0 0 0 1 
0 1 0 0 0 
0 0 1 0 0 
Let X= (a, b, x, y, z, t), I2(X) =(a, -b, x, -t, z, -y), h(X) =X. It follows that 
X= (a, b, x, y, z, -Y), where y E C, bE JRi, a, x, z E JR. 
Consider the following basis of the set of fixed points: 
I . 
e2 = ze2 , 
I 1 1 
u2 = -u2- -u4 J2 J2' 
I 
u3 = u3, 
1 i i 
U4 = J2U2 + J2U4. 
In' this basis the multiplication table of the real form corresponding to the anti-
involution h has the form 2.12 .1. 
5. Find the set of fixed points of the mapping fs. 
Let X = (a, b, x, y, z, t), I3(X) = (a, -b, x,t, z, Y), fs(X) = X. It follows that 
X= (a,b,x,y,z,y), where y E C, bE JRi, a,x,z E JR. 
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Consider the following basis of the set of fixed points: 
I . 
e2 = ze2, 
I 1 1 
u2 = J2u2 + J2u4, 
In this basis the multiplication table of the real form corresponding to the anti-
involution I 3 has the form 2.12 .2. 
6. Find the set of fixed points of the mapping I 4 . 
Let X = (a, b, x, y, z, t), I 4 (X) = (-a, -b, -z, -t, -x, -Y), I 4 (X) = X. It fol-
lows that X= (a, b, x, y, -x, -Y), where x, y E C, a, bE Im.i. 
Consider the following basis of the set of fixed points: 
. . 
I 'l 'l 
u4 = .j2U2 + J2U4. 
In this basis the multiplication table of the real form corresponding to the anti-
involution I 4 has the form 2.13.1. 
7. Find the set of fixed points of the mapping Is. 
Let X = (a, b, x, y, z, t), I5 (X) = (-a, -b, -z, t, -x, Y), I5 (X) = X. It follows 
that X= (a, b, x, y, -x, Y), where x, y E C, a, bE Im.i. 
Consider the following basis of the set of fixed points: 
I · I · e1 = ze1, e2 = ze2, 
I 1 1 
u1 = .j2u1- J2us, 
I 1 1 
u2 = .j2u2 + J2u4, 
1 i i 
u3 = .j2u1 + J2us, 
In this basis the multiplication table of the real form corresponding to the anti-
involution I 5 has the form 2.13 .2. 
8. Find the set of fixed points of the mapping h. 
Let X= (a, b, x, y, z, t), I6 (X) = (-a, -b, z, t, x, Y), h(X) =X. It follows that 
X= (a, b, x, y, x, y), where x, y E C, a, bE Im.i. 
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Consider the following basis of the set of fixed points: 
' . ' . e1 = ze1, e2 = ze2, 
' 1 1 
u 1 = J2U1 + J2U3, 
' 1 1 
U 2 = J2U2 + J2U4, 
In this basis the multiplication table of the real form corresponding to the anti-
involution 16 has the form 2.13 .3. 
9. Find the set of fixed points of the mapping h. 
Let X= (a,b,x,y,z,t), h(X) = (b,a,y,x,t,z), h(X) =X. It follows that 
X= (a,a,x,x,z,z), where a,x,z E C. 
Consider the following basis of the set of fixed points: 
' ' . . e1 = e1 +e2, e 2 = ze1-ze2, 
' ' . . U 1 = U1 + U2, u2 = 'ZU1- 'ZU2, 
' ' . . U 3 = U3 + U4, u4 = 'ZU3- 'ZU4. 
In this basis the multiplication table of the real form corresponding to the anti-
involution h has the form 2.14 .1. 
Proposition 2.1.2. Any real form of the pair 2.1.2 is equivalent to one and only 
one of the following pairs: 
2.11.2, 2.12.3, 2.12.4, 2.12.5, 2.13 .4, 2.13 .5. 
Proof. 1. The group of automorphisms of the pair 2.1.2 has the form: 
1 0 0 0 0 0 1 0 0 0 0 0 
0 1 0 0 0 0 0 -1 0 0 0 0 
A= 0 0 a 0 0 0 0 0 a 0 0 0 0 0 0 b 0 0 0 0 0 0 0 c 
0 0 0 0 .!. 0 0 0 0 0 1 0 a a 
0 0 0 0 0 c 0 0 0 b 0 0 
-1 0 0 0 0 0 -1 0 0 0 0 0 
0 1 0 0 0 0 0 -1 0 0 0 0 
0 0 0 0 1 0 0 0 0 0 1 0 
a a a, b, c E C* 0 0 0 b 0 0 0 0 0 0 0 c 
0 0 a 0 0 0 0 0 a 0 0 0 
0 0 0 0 0 c 0 0 0 b 0 0 
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2. The set of anti-involutions of the pair 2.1.2 has the form: 
I= IE 
1 0 0 
0 1 0 
0 0 a 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
f3 0 0 
0 l 0 
a 
0 0 "( 
-1 0 0 0 
0 1 0 0 
0 0 0 0 
0 0 0 f3 
0 0 a 0 
0 0 0 0 
0 0 
0 0 
~ 0 
0 0 
0 0 
0 "( 
-1 
0 
0 
0 
0 
0 
1 0 0 0 
0 -1 0 0 
0 0 a 0 
0 0 
0 0 
0 0 
0 0 0 
-1 0 0 
0 0 0 
0 0 0 
0 a 0 
0 0 f3 
0 0 
0 0 
0 f3 
0 0 
0 0 
l 0 
a 
0 "( 
0 0 
0 0 
0 0 
0 0 
0 0 
0 "( 
.!. 0 
a 
0 0 
II=E, 
a, (3, "f E C* 
3. Let A E A, I E I. Using the operation I ~--+ AIA-1 we obtain that any 
anti-involution of the pair 2.1.2 is conjugate to one and only one of the following: 
1 0 
0 -1 
Ir= 
1 0 0 0 0 0 
0 1 0 0 0 0 
0 0 1 0 0 0 
0 0 0 1 0 0 
0 0 0 0 1 0 
0 0 0 0 0 1 
0 0 
0 0 
0 0 0 0 
0 0 0 0 
1 0 0 0 
'0 0 0 1 
0 0 1 0 
0 1 0 0 
Is= 
Is= 
-1 0 0 0 
0 1 0 0 
0 0 0 0 
0 0 0 1 
0 0 -1 0 
0 0 0 0 
0 0 
0 0 
-1 0 
0 0 
0 0 
0 1 
-1 0 0 0 0 0 
0 -1 0 0 0 0 
0 0 0 0 -1 0 
0 0 0 0 0 1 
0 0 -1 0 0 0 
0 0 0 1 0 0 
h= 
0 0 
0 0 
-1 0 0 0 0 0 
0 1 0 0 0 0 
0 0 0 0 1 0 
0 0 0 1 0 0 
0 0 1 0 0 0 
0 0 0 0 0 1 
-1 0 0 0 0 0 
0 -1 0 0 0 0 
0 0 0 0 1 0 
0 0 0 0 0 1 
0 0 1 0 0 0 
0 0 0 1 0 0 
4. Find the set of fixed points of the mapping I 2 . 
Let X= (a,b,x,y,z,t), h(X) = (a,-b,x,t,z,y), h(X) =X. It follows that 
X= (a,b,x,y,z,Y), where y E C, bE ~i, a,x,z E ~-
Consider the following basis of the set of fixed points: 
I I · e1 = er, e2 = ~e2, 
I I 
u1 = U!, u 2 = U2 + U4, 
I I . . 
Ug = Ug, U 4 = ~U2- ~U4. 
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In this basis the multiplication table of the real form corresponding to the anti-
involution J2 has the form 2.12 .3. 
5. Find the set of fixed points of the mapping !3 . 
Let X= (a, b, x, y, z, t), I 3 (X) = (-a, b, -z, fj, -x, t), Js(X) =X. It follows that 
X= (a,b,x,y,-x,t), where x E C, a E ~i, b,y,t E R 
Consider the following basis of the set of fixed points: 
I . 
e2 = te1 , 
1 1 1 
u2 = -ul- -u3 V2 V2' 
In this basis the multiplication table of the real form corresponding to the anti-
involution !3 has the form 2.12 .4. 
6. Find the set of fixed points of the mapping 14 . 
Let X = (a, b, x, y, z, t), J4 (X) = (-a, b, z, fj, x, t), J4 (X) = X. It follows that 
X= (a,b,x,y,x,t), where x E C, a E ~i, b,y,t E ~. 
Consider the following basis of the set of fixed points: 
I . 
e2 = te1 , 
I 1 1 
u 2 = .J2u1 + .J2u3, 
In this basis the multiplication table of the real form corresponding to the anti-
involution J4 has the form 2.12 .5. 
7. Find the set of fixed points of the mapping Is. 
Let X = (a, b, x, y, z, t), J5 (X) = (-a, -b, -z, t, -x, Y), I5 (X) = X. It follows 
that X= (a, b, x, y, -x, y), where x, y E C, a, bE ~i. 
Consider the following basis of the set of fixed points: 
In this basis the multiplication table of the real form corresponding to the anti-
involution Is has the form 2.13 .4. 
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8. Find the set of fixed points of the mapping h. 
Let X= (a, b, x, y, z, t), h(X) = (-a, -b, z, t, x, y), I6 (X) =X. It follows that 
X= (a,b,x,y,x,y), where x,y E C, a,b E ~i. 
Consider the following basis of the set of fixed points: 
' . ' . e1 = 'teb e2 = 'te2, 
' 1 1 U1 = J2U1 + J2U3, 
' 1 1 
u2 = .J2u2 + J2u4, 
. . 
' '/, '/, 
u3 = J2u1- J2u3, 
' i i u4 = -u2 - -u4. V2 V2 
In this basis the multiplication table of the real form corresponding to the anti-
involution 16 has the form 2.13 .5. 
Proposition 2.1.3. Any real form of the pair 2.1.3 is equivalent to one and only 
one of the following pairs: 
2.11 .3, 2.12 .6, 2.13 .6, 2.14 .2. 
Proof. 1. The group of automorphisms of the pair 2.1.3 has the form: 
A= 
1 0 0 0 0 0 
0 1 0 0 0 0 
0 0 a 0 0 0 
0 0 0 b 0 0 
0 0 0 0 c 0 
0 0 0 0 0 d 
-1 0 
0 
0 0 
1 0 0 
0 0 0 
0 0 b 
0 a 0 
0 0 0 
0 
0 
0 
0 
0 1 0 0 
1 0 0 0 
0 0 0 b 
0 0 a 0 
0 0 0 0 
0 0 0 0 
0 1 0 0 0 0 
-1 0 0 0 0 0 
0 0 0 b 0 0 
0 0 0 0 c 0 
0 0 0 0 0 d 
0 0 a 0 0 0 
1 0 
0 -1 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
c 0 
0 0 
0 0 
0 d 
0 0 
0 0 
0 0 
0 0 
0 d 
c 0 
0 
-1 
0 
0 
0 
0 
0 0 0 0 
0 0 0 0 
a 0 0 0 
0 0 0 d 
0 0 c 0 
0 b 0 0 
-1 0 0 0 0 0 
0 -1 0 0 0 0 
0 0 0 0 c 0 
0 0 0 0 0 d 
0 0 a 0 0 0 
0 0 0 b 0 0 
0 -1 0 0 0 0 
1 0 0 0 0 0 
0 0 0 0 0 d 
0 0 a 0 0 0 
0 0 0 b 0 0 
0 0 0 0 c 0 
-1 0 0 0 0 
0 0 0 0 0 
0 0 0 0 d 
O O O c O a, b, c, d E C* 
0 0 b 0 0 
0 a 0 0 0 
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2. The set of anti-involutions of the pair 2.1.3 has the form: 
I= IE 
1 0 0 0 0 0 
0 1 0 0 0 0 
0 0 a 0 0 0 
000,800 
0000')'0 
0 0 0 0 0 8 
-1 0 0 0 0 0 
0 1 0 0 0 0 
0 00 0')'0 
0 00,800 
0 0 a 0 0 0 
0 0 0 0 0 8 
1 0 
0 -1 
0 0 
0 0 
0 0 
0 0 
0 0 0 0 
0 0 0 0 
a 0 0 0 
0 0 0 8 
0 0 I' 0 
0 ,8 0 0 
-1 0 0 0 0 0 
0 -1 0 0 0 0 
0 0 00')'0 
0 0 0 0 0 8 
0 0 a 0 0 0 
0 0 0,800 
0 -1 0 0 0 0 
-1 0 0 0 0 0 
0 0 0 0 0 8 fl=E 
' 
0 1 0 
1 0 0 
0 0 0 
0 0 a 
0 0 0 
0 0 0 
0 0 0 
,8 0 0 
0 0 0 
0 0 8 
0 0 00')'0 a,,B,f',8 E C* 
0 0 0,800 
0 0 0 0 I' 0 0 0 a 0 0 0 
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3. Let A E A, I E I. Using the operation I r-+ AIA-1 we obtain that any 
anti-involution of the pair 2.1.3 is conjugate to one and only one of the following: 
h= 
Is= 
1 0 0 0 0 0 
0 1 0 0 0 0 
0 0 1 0 0 0 
0 0 0 1 0 0 
0 0 0 0 1 0 
0 0 0 0 0 1 
~1 0 0 0 0 0 
0 -1 0 0 0 0 
0 0 0 0 1 0 
0 0 0 0 0 1 
0 0 1 0 0 0 
0 0 0 1 0 0 
Iz = 
1 0 
0 -1 
0 0 
0 0 
0 0 
0 0 
0 0 0 0 
0 0 0 0 
1 0 0 0 
0 0 0 1 
0 0 1 0 
0 1 0 0 
0 1 0 0 0 0 
1 0 0 0 0 0 
0 0 0 1 0 0 
0 0 1 0 0 0 
0 0 0 0 0 1 
0 0 0 0 1 0 
4. Find the set of fixed points of the mapping h. 
Let X = (a, b, x, y, z, t), h(X) = (a, -b, x, t, z, y), h(X) = X. It follows that 
X= (a, b, x, y, z, y), where y E C, bE J!Ri, a, x, z E JIR. 
Consider the following basis of the set of fixed points: 
' . ez = 2ez, 
' 1 1 
u2 = .J2u2 + J2u4, 
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In this basis the multiplication table of the real form corresponding to the anti-
involution h has the form 2.12 .6. 
5. Find the set of fixed points of the mapping fs. 
Let X= (a, b, x, y, z, t), Is(X) = (-a, -b, z, t, x, y), Is(X) =X. It follows that 
X= (a, b, x, y, x, y), where x, y E C, a, bE IPl.i. 
Consider the following basis of the set of fixed points: 
In this basis the multiplication table of the real form corresponding to the anti-
involution 13 has the form 2.13 .6. 
6. Find the set of fixed points of the mapping 14. 
Let X= (a,b,x,y,z,t), 14(X) = (b,a,y,x,I,z), 14(X) =X. It follows that 
X= (a,a,x,x,z,z), where a,x,z E C. 
Consider the following basis of the set of fixed points: 
f f 0 0 
e1 = e1 + e2, e2 = ze1 - ze2, 
f f 0 0 
Ul = Ul + U2, u2 = ZU1 - ZU2, 
f f 0 0 
u3 = U3 + U4, u4 = ZU3- ZU4. 
In this basis the multiplication table of the real form corresponding to the anti-
involution 14 has the form 2.14 .2. 
Theorem 2.2. Any real form of the linear Lie algebra 2.2 is conjugate to one and 
only one of the following linear Lie algebras: 
0 y 0 ~ ) , .\ E [-1, 1] (~ -x y :X) 2.21 AX 0 2.22 0 0 0 -x 0 0 0 -y -Ax 0 X 
ex sin~ xcos~ y 0 
2.23 
-x cos P. -xsin P. 0 xc~s~} cp E]0,1r[ 2 2 0 0 xsin~ 
0 0 -x cos P. xsin~ 2 
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Any isotropically faithful pair (go-, go-) of type 2.21 is equivalent to one and only 
one of the following pairs: 
>-=0 
1. 
[ ' J el ez U! U2 U3 U4 
el 0 ez U! 0 -u3 0 
ez -ez 0 0 U! -U4 -2ez 
U! -ul 0 0 0 U2 -ul 
Uz 0 -ul 0 0 0 Uz 
U3 U3 U4 -uz 0 0 2u3 
U4 0 2ez U! -uz -2u3 0 
2. 
[ ' J el ez U! Uz U3 U4 
el 0 ez U! 0 -U3 0 
ez -ez 0 0 U! -U4 0 
ul -ul 0 0 ez U4 0 
Uz 0 -ul -e2 0 (p-l)u3 pu4 
U3 U3 U4 -u4 (l-p)u3 0 0 
U4 0 0 0 -pu4 0 0 
3. 
[ ' J el ez U! Uz U3 U4 
el 0 ez Ul 0 -U3 0 
ez -ez 0 0 Ul -U4 0 
U! -ul 0 0 0 0 0 
U2 0 -ul 0 0 U3 U4 
U3 U3 U4 0 .-u3 0 0 
U4 0 0 0 -U4 0 0 
>-=1 
4. 
[ ' J el ez U! Uz U3 U4 
el 0 0 U! uz -U3 -U4 
ez 0 0 0 U! -U4 0 
U! -ul 0 0 0 e2 0 
Uz -Uz -Ul 0 0 el ez 
U3 U3 U4 -ez -el 0 0 
U4 U4 0 0 -e2 0 0 
5. 
[ ' J e1 ez U! uz U3 U4 
el 0 0 U! uz -U3 -U4 
e2 0 0 0 U! -U4 0 
U! -ul 0 0 0 0 0 
Uz -uz -ul 0 0 ez 0 
U3 U3 U4 0 -e2 0 0 
U4 U4 0 0 0 0 0 
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6. 
[ '] 
). E [ -1, 1] 
7. 
[ '] 
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el e2 U1 U2 us U4 
0 ~e2 U1 1 1 -2u2 -us 2u4 
s 0 0 U1 -U4 0 -2e2 
-ul 0 0 U4 0 0 
1 
-U1 -U4 0 0 0 2U2 
us U4 0 0 0 0 
1 0 0 0 0 0 
-2U4 
e1 e2 ul U2 us U4 
0 (1-.:\)e2 U1 .:\u2 -us -.Au4 
(>.-1)e2 0 0 U1 -U4 0 
-U1 0 0 0 0 0 
->.u2 -ul 0 0 0 0 
us U4 0 0 0 0 
AU4 0 0 0 0 0 
Any isotropically faithful pair (gO', gO') of type 2.22 is equivalent to one and only 
one of the following pairs: 
1. 
[ ' ] el e2 UI U2 us U4 
e1 0 0 U2 -U1 U4 -Us 
e2 0 0 0 0 UI U2 
U1 -U2 0 0 0 e2 0 
U2 ul 0 0 0 0 e2 
us -u4 -u1 -e2 0 0 -el 
U4 us -U2 0 -e2 el 0 
2. 
[ '] el e2 U1 U2 us U4 
e1 0 0 u2 -ul U4 -us 
e2 0 0 0 0 UI U2 
UI -u2 0 0 0 -e2 0 
U2 U1 0 0 0 0 -e2 
us -U4 -U1 e2 0 0 el 
U4 us -U2 0 e2 -e1 0 
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3. [ ,] el e2 U! u2 U3 U4 
el 0 0 U2 -Ul U4 -U3 
e2 0 0 0 0 U! u2 
ul -u2 0 0 0 0 0 
u2 U! 0 0 0 0 0 
U3 -u4 -ul 0 0 0 e2 
U4 U3 -u2 0 0 -e2 0 
4. [' l el e2 U! u2 U3 U4 
el 0 0 U2 -Ul U4 -U3 
e2 0 0 0 0 U! u2 
ul -u2 0 0 0 0 0 
u2 ul 0 0 0 0 0 
U3 -u4 -ul 0 0 0 0 
U4 U3 -u2 0 0 0 0 
Any isotropically faithful pair (gO", g(T) of type 2.23 is equivalent to one and only 
one pair: 
1. [,] el e2 u 1 U2 U3 U4 
el 0 -2sin %e2 ABCD 
e2 2 sin %e2 0 0 0 U1 U2 
U! -A 0 0 0 0 0 
u2 -B 0 0 0 0 0 
U3 -C -ul 0 0 0 0 
U4 -D -u2 0 0 0 0, 
where 
A - -sin :E.ul - cos :E.u2 
- 2 2 ' 
B = cos :E.ul - sin :E.u2 2 2 ' 
C = sin :E.u3 - cos :E.u4 2 2 ' 
D = cos %u3 + sin %u4 
Proof. Let>.= 0. 
Consider the trivial pair 2.2. 7. 
1. The group of automorphisms of the pair 2.2.7 has the form: 
1 0 0 0 0 0 
a b 0 0 0 0 
A= 0 0 be -ac 0 0 b,c,d E C*,a, f E C 0 0 0 c 0 0 
0 0 0 0 d 0 
0 0 0 f ad bd 
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2. The set of anti-involutions of the pair 2.2. 7 has the form: 
1 0 0 0 0 0 
a {3 0 0 0 0 
T= I= 0 0 {3"( -a"( 0 0 II= E, {3,"(,0 E C*, 0 0 0 "( 0 0 a,c E C 
0 0 0 0 b 0 
0 0 0 c ab {3b 
3. Let A E A, I E T. Using the operation I f---7 AI A-1 we obtain that any 
anti-involution of the pair 2.2.7 is conjugate to one and only one: 
1 0 0 0 0 0 
0 1 0 0 0 0 
h= 0 0 1 0 0 0 0 0 0 1 0 0 
0 0 0 0 1 0 
0 0 0 0 0 1 
It follows that any real form of the linear Lie algebra 2.2 (.X= 0) is conjugate to 
one and only one linear Lie algebra: 2.21 (.\ = 0). 
If .X =I= 0 the proof of the Theorem follows from Propositions 2.2.4-2.2.7. 
Proposition 2.2.4. Any real form of the pair 2.2.4 is equivalent to one and only 
one of the following pairs: 
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3. Let A E A, I E I. Using the operation I 1-t AIA-1 we obtain that any 
anti-involution of the pair 2.2.4 is conjugate to one and only one of the following: 
1 0 0 0 0 0 -1 0 0 0 0 0 
0 1 0 0 0 0 0 -1 0 0 0 0 
h= 0 0 1 0 0 0 I2 = 0 0 0 0 0 1 0 0 0 1 0 0 0 0 0 0 1 0 
0 0 0 0 1 0 0 0 0 1 0 0 
0 0 0 0 0 1 0 0 1 0 0 0 
-1 0 0 0 0 0 
0 -1 0 0 0 0 
I3 = 0 0 0 0 0 -1 0 0 0 0 -1 0 
0 0 0 -1 0 0 
0 0 -1 0 0 0 
4. Find the set of fixed points of the mapping h. 
Let X= (a, b, x, y, z, t), h(X) = (-a, -b, t, z, y, x), h(X) =X. It follows that 
X= (a, b, x, y, y, x), where x, y E C, a, bE m.i. 
Consider the following basis of the set of fixed points: 
I · I · e1 = 1,e1 , e2 = 1,e2, 
I 1 1 
u1 = J2u1 + .J2u4, 
I i i 
u2 = -ul- -u4 J2 .J2' 
I i i 
u 3 = J2u3- .J2u2, 
I 
u 4 = U2 + U3. 
In this basis the multiplication table of the real form corresponding to the anti-
involution I 2 has the form 2.22 .1. 
5. Find the set of fixed points of the mapping I 3 . 
Let X = (a, b, x, y, z, t), I 3 (X) = (-a, -b, -t, -z, -y, -x), h(X) =X. It fol-
lows that X= (a, b, x, y, -y, -x), where x, y E C, a, bE m.i. 
Consider the following basis of the set of fixed points: 
I 
u 4 = U2- U3. 
In this basis the multiplication table of the real form corresponding to the anti-
involution I 3 has the form 2.22 .2. 
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Proposition 2.2.5. Any real form of the pair 2.2.5 is equivalent to one and only 
one of the following pairs: 
2.21 .5, 2.22 .3. 
Proof. 1. The group of automorphisms of the pair 2.2.5 has the form: 
1 0 0 0 0 0 -1 0 0 0 0 0 
0 ab 0 0 0 0 0 -ab 0 0 0 0 
A= 0 0 a2b c 0 0 0 0 0 0 d ab2 a, bE C*, 0 0 0 a 0 0 0 0 0 0 b 0 c,d E C 
0 0 0 0 b 0 0 0 0 a 0 0 
0 0 0 0 d ab2 0 0 a2b c 0 0 
2. The set of anti-involutions of the pair 2.2.5 has the form: 
1 0 0 0 0 0 
0 o:j3 0 0 0 0 
I= I= 0 0 
a2j3 
'"'/ 0 0 
0 0 0 0: 0 0 , or 
0 0 0 0 j3 0 
0 0 0 0 b o:/32 
-1 0 0 0 0 0 
0 -o:j3 0 0 0 0 II=E, 0 0 0 0 b a/32 
0 0 0 0 j3 0 a, j3 E C*, 
0 0 0 a 0 0 '"'f,bEC 
0 0 a2j3 '"'/ 0 0 
3. Let A E A, I E I. Using the operation I ~---+ AIA-1 we obtain that any 
anti-involution of the pair 2.2.5 is conjugate to one and only one of the following: 
1 0 0 0 0 0 -1 0 0 0 0 0 
0 1 0 0 0 0 0 -1 0 0 0 0 
h= 0 0 1 0 0 0 I2 = 0 0 0 0 0 1 0 0 0 1 0 0 0 0 0 0 1 0 
0 0 0 0 1 0 0 0 0 1 0 0 
0 0 0 0 0 1 0 0 1 0 0 0 
4. Find the set of fixed points of the mapping I 2 . 
Let X= (a,b,x,y,z,t), I 2 (X) = (-a,-b,t,z,y,x), h(X) =X. It follows that 
X= (a,b,x,y,y,x), where x,y E C, a,b E ~i. 
Consider the following basis of the set of fixed points: 
. . 
I 't 't 
us= -us- -u2 J2 J2' 
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In this basis the multiplication table of the real form corresponding to the anti-
involution h has the form 2.22 .3. 
Proposition 2.2.6. Any real form of the pair 2.2.6 is equivalent to one and only 
one pair: 
2.21 .6. 
Proof. 1. The group of automorphisms of the pair 2.2.6 has the form: 
1 0 0 0 0 0 
a b 0 0 0 0 
0 0 be 2ac 0 0 A= -3 b,c E C*,a E C 0 0 0 c 0 0 
0 0 0 0 c2 0 
0 0 0 0 2ac2 bc2 -3-
2. The set of anti-involutions of the pair 2.2.6 has the form: 
I= I= 
1 0 0 
a j3 0 
0 0 (3'"'( 
0 0 0 
0 0 0 
0 0 0 
0 
0 
_2cq 
3 
'"'( 
0 
0 
0 
0 
0 
0 
'"'12 
0 
0 
0 
0 
0 
2cq2 2 
3 (3'"'( 
II= E, {3,'"'f E C*, 
aEC 
3. Let A E A, I E I. Using the operation I ~----* AI A-1 we obtain that any 
anti-involution of the pair 2.2.6 is conjugate to one and only o:qe of the following: 
1 0 0 0 0 0 
0 1 0 0 0 0 
I1 = 0 0 1 0 0 0 
0 0 0 1 0 0 
0 0 0 0 1 0 
0 0 0 0 0 1 
Proposition 2.2. 7. Any real form of the pair 2.2. 7 is equivalent to one and only 
one of the following pairs: 
2.21 .7 (Re..\ E [-1, 1]\{0}, Im..\ = 0), 2.22 .4 (..\ = 1), 
2.23 .1 (I .AI = 1, arg ..\ E ]0, 1r[). 
Proof. Consider the following cases: 
1o . ..\=1. 
1. The group of automorphisms of the pair 2.2. 7 has the form: 
1 0 0 0 0 0 -1 0 0 0 0 0 
0 a 0 0 0 0 0 a 0 0 0 0 
A= 0 0 ab c 0 0 0 0 0 0 f -ad a, b, dEC*, 0 0 0 b 0 0 0 0 0 0 d 0 c,j E C 
0 0 0 0 d 0 0 0 0 b 0 0 
0 0 0 0 f ad 0 0 -ab c 0 0 
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2. The set of anti-involutions of the pair 2.2. 7 has the form: 
1 0 0 0 0 0 
0 a . 0 0 0 0 
I= I= 0 0 a/3 '"'/ 0 0 0 0 0 f3 0 0 , or 
0 0 0 0 8 0 
0 0 0 0 c a8 
-1 0 0 0 0 0 
0 a 0 0 0 0 jJ=E, 0 0 0 0 c -a8 
0 0 0 0 8 0 a,/3,8 E C*, 
0 0 0 f3 0 0 '"'f,cEC 
0 0 
-a/3 '"'/ 0 0 
3. Let A E A, I E I. Using the operation I t--t AIA-1 we obtain that any 
anti-involution of the pair 2.2. 7 is conjugate to one and only one of the following: 
1 0 0 0 0 0 -1 0 0 0 0 0 
0 1 0 0 0 0 0 -1 0 0 0 0 
h= 0 0 1 0 0 0 I2 = 0 0 0 0 0 1 0 0 0 1 0 0 0 0 0 0 1 0 
0 0 0 0 1 0 0 0 0 1 0 0 
0 0 0 0 0 1 0 0 1 0 0 0 
· 4. Find the set of fixed points of the mapping h. 
Let X= (a, b, x, y, z, t), I2 (X) = (-a, -b, t, z, y, x), h(X) =X. It follows that 
X= (a,b,x,y,y,x), where x,y E C, a,b E ~i. 
Consider the following basis of the set of fixed points: 
I · I · e1 = ~e 1 , e2 = ~e2, 
I 1 1 
u1 = .J2U1 + .J2U4, 
1 i i 
u 2 = -u1 - -u4 
.J2 .J2' 
I 
u4 = u2 +u3. 
In this basis the multiplication table of the real form corresponding to the anti-
involution h has the form 2.22 .4. 
2°. A.= -1. 
1. The group of automorphisms of the pair 2.2.7 has the form: 
1 0 0 0 0 0 
a b 0 0 0 0 bE C*, 0 0 bc1 - .!!£J.. -~ -bdl A= 2 2 a, c11 c2, d1 , d2 E C, 0 0 0 C! dl 0 
c1d2- d1c2 =!= 0 0 0 0 C2 d2 0 
0 0 -bc2 ac2 ad2 bd2 -2- -2-
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2. The set of anti-involutions of the pair 2.2. 7 has the form: 
1 0 0 0 0 0 
a /3 0 0 0 0 fl = E, /3 E C*, 0 0 !3ri -~ _a81 -/38I I= I= 2 2 a, /I, /2, 8I, 82 E C, 0 0 0 /1 81 0 /182-81/2 =1- 0 0 0 0 /2 82 0 
0 0 
-/3/2 0]2 a82 !382 2 2 
3. Let A E A, I E I. Using the operation I 1--)- AI A-1 we obtain that any 
anti-involution of the pair 2.2. 7 is conjugate to one and only one: 
1 0 0 0 0 0 
0 1 0 0 0 0 
II= 0 0 
1 0 0 0 
0 0 0 1 0 0 
0 0 0 0 1 0 
0 0 0 0 0 1 
3°. Re.A E]-1, 1[\{0}, Im.A = 0. 
1. The group of automorphisms of the pair 2.2.7 has the form: 
1 0 0 0 0 0 
a b 0 0 0 0 
0 0 be ac 0 0 A= -1->. b, c, d E C*, a E C 0 0 0 c 0 0 
0 0 0 0 d 0 
0 0 0 0 ad bd 1-.A 
2. The set of anti-involutions of the pair 2.2. 7 has the form: 
1 0 0 0 0 0 
a /3 0 0 0 0 
0 0 !3r -~ 0 0 fl = E, /3,/,8 E C*, 
'I= I= 1->. 0 0 0 I 0 0 aEC 
0 0 0 0 8 0 
0 0 0 0 a8 (38 1-.A 
3. Let A E A, I E I. Using the operation I 1--)- AI A-1 we obtain that any 
anti-involution of the pair 2.2. 7 is conjugate to one and only one: 
1 0 0 0 0 0 
0 1 0 0 0 0 
Ir= 
0 0 1 0 0 0 
0 0 0 1 0 0 
0 0 0 0 1 0 
0 0 0 0 0 1 
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4°. I .AI = 1, arg). E ]0, 1r[. 
1. The group of automorphisms of the pair 2.2.7 has the form: 
A= 
1 0 0 
a b 0 
0 0 be 
0 0 0 
0 0 0 
0 0 0 
0 
0 
ac 
-1-.\ 
c 
0 
0 
0 
0 
0 
0 
d 
ad 
1-.\ 
0 
0 
0 
0 
0 
bd 
b, c, d E C*, a E C 
2. The set of anti-involutions of the pair 2.2. 7 has the form: 
I= 
1-X 
1-.\ 
'"'( 
0 
0 
0 
0 
0 0 
a 0 
0 0 
0 0 
0 0 
0 -a/3 
0 
0 
0 
0 
/3 
_h_ 
1-X 
0 
0 
')'0(.\-1) 
2(1-Re.\) 
8 
0 
0 
0 
0 
-a8 
0 
0 
0 
tl = E, a,/3,8 E C*, 
'"'(EC 
3. Let A E A, I E I. Using the operation I ~---+ AI A-1 we obtain that any 
anti-involution of the pair 2.2. 7 is conjugate to one and only one: 
h= 
1-X 0 0 
1-.\ 
0 1 0 
0 0 0 
0 0 0 
0 0 0 
0 0 -1 
0 0 0 
0 0 0 
0 0 -1 
0 1 0 
1 0 0 
0 0 0 
4. Find the set of fixed points of the mapping I 1 . 
Let X= (a,b,x,y,z,t), h(X) = n=ra,b,-t,z,y,-x), h(X) =X. It follows 
that X= ( -iae-if, b, x, y, y, -x), where x, y E C, a, bE~' ¢ = arg .A. 
Consider the following basis of the set of fixed points: 
' . _i:.!l!. e1 = -ze 2 e1 , ' e2 = e2, 
' u1 = u1- u4, ' . . u2 = ZU1 + ZU4, 
' u3 = u2 + u3, ' . . U4 = ZU2- zu3 . 
In this basis the multiplication table of the real form corresponding to the anti-
involution I 1 has the form 2.23 .1. 
For other values of ). there exist no anti-involution. 
Theorem 2.3. Any real form of the linear Lie algebra 2.3 is conjugate to one and 
only one linear Lie algebra: 
y 
-x 
0 
0 
0 
-x 
-X 
-y 
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Any isotropically faithful pair (go-, go-) of type 2.31 is equivalent to one and only 
one pair: 
1. [ ,] e1 ez U1 Uz U3 U4 
e1 0 2ez U1 -uz -uz -u3 u1 +u4 
ez -2ez 0 0 u1 -U4 0 
U1 -u1 0 0 0 0 0 
Uz Uz -u1 0 0 0 0 
U3 uz+u3 U4 0 0 0 0 
U4 -u1-u4 0 0 0 0 0 
Proof. Consider the trivial pair 2.3.1. 
1. The group of automorphisms of the pair 2.3.1 has the form: 
1 0 0 0 0 0 
a b 0 0 0 0 
0 0 be ac ad -bd A= -2 -2 b, c E C*, a, d E C 0 0 0 c d 0 
0 0 0 0 c 0 
0 0 0 0 ac be 2 
2. The set of anti-involutions of the pair 2.3.1 has the form: 
1 0 0 0 0 0 
a f3 0 0 0 0 
0 0 f3'Y -~ a8 -/38 il = E, /3,"( E C*, I= I= 2 -2 0 0 0 'Y 8 0 a,8E C 
0 0 0 0 'Y 0 
0 0 0 0 ~ /3"( 2 
3. Let A E A, I E I. Using the operation I 1--+ AI A-1 we obtain that any 
anti-involution of the pair 2.3.1 is conjugate to one and only one: 
1 0 0 0 0 0 
0 1 0 0 0 0 
h= 0 0 1 0 0 0 0 0 0 1 0 0 
0 0 0 0 1 0 
0 0 0 0 0 1 
It follows that any real form of the linear Lie algebra 2.3 is conjugate to one and 
only one linear Lie algebra: 2.31 . 
Theorem 2.4. Any real form of the linear Lie algebra 2.4 is conjugate to one and 
only one linear Lie algebra: 
0 
y 
-x 
0 
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Any isotropically faithful pair (g(T, g(T) of type 2.41 is equivalent to one and only 
one of the following pairs: 
1. [ ' l el e2 UI U2 U3 U4 
e1 0 e2 UI 0 -u3 0 
e2 -e2 0 0 Ul U2 0 
Ul -Ul 0 0 Ul U2 0 
U2 0 -u1 -u1 0 U3 0 
U3 U3 -U2 -U2 -U3 0 0 
U4 0 0 0 0 0 0 
2. 
[ 'J el e2 Ul U2 U3 U4 
e1 0 e2 UI 0 -u3 0 
e2 -e2 0 0 ul U2 0 
UI -Ul 0 0 0 0 ul 
U2 0 -Ul 0 0 0 U2 
U3 U3 -u2 0 0 0 U3 
U4 0 0 -ul -u2 -u3 0 
3. 
[ ' J el e2 ul U2 U3 U4 
el 0 e2 Ul 0 -u3 0 
e2 -e2 0 0 UI U2 0 
U1 -u1 0 0 0 0 0 
U2 0 -ul 0 0 0 0 
U3 U3 -u2 0 0 0 0 
U4 0 0 0 0 0 0 
Proof. Consider the trivial pair 2.4.3. 
1. The group of automorphisms of the pair 2.4.3 has the form: 
1 0 0 0 0 0 
a b 0 0 0 0 
0 0 b2c -abc a 2 c 0 A= 2 b, c, d E C*, a E C 0 0 0 be -ac 0 
0 0 0 0 c 0 
0 0 0 0 0 d 
2. The set of anti-involutions of the pair 2.4.3 has the form: 
1 0 0 0 0 0 
Q {3 0 0 0 0 
0 0 {32"'( -af3"Y a?y 0 il = E, {3,"'(,8 E C*, I= I= 2 0 0 0 {3"'( -Q"'( 0 aEC 
0 0 0 0 "'( 0 
0 0 0 0 0 8 
3. Let A E A, I E I. Using the operation I f---> AI A-1 we obtain that any 
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anti-involution of the pair 2.4.3 is conjugate to one and only one: 
1 0 0 0 0 0 
0 1 0 0 0 0 
h= 0 0 1 0 0 0 0 0 0 1 0 0 
0 0 0 0 1 0 
0 0 0 0 0 1 
It follows that any real form of the linear Lie algebra 2.4 is conjugate to one and 
only one linear Lie algebra: 2.41. 
Theorem 2.5. Any real form of the linear Lie algebra 2.5 is conjugate to one and 
only one of the following linear Lie algebras: 
(
0 X 
0 0 
0 0 
0 0 
0 y) 
-y 0 
0 0 
-x 0 
(
0 X 
0 0 
0 0 
0 0 
0 
-x 
0 
y 
Any isotropically faithful pair (gO", gO") of type 2.51 is equivalent to one and only 
one of the following pairs: 
1. 
[' J e1 e2 U1 U2 U3 U4 
e1 0 0 0 U1 -u4 -2e1 
e2 0 0 0 -2e2 -u2 U1 
U1 0 0 0 2e2 -u1 u2 +u4 2e1 -u1 
U2 -u1 2e2 U1-2e2 0 -2u3 U2-U4 
UJ U4 U2 -U2-U4 2u3 0 2u3 
U4 2e1 -u1 u1 ~2e1 U4-U2 -2u3 0 
2. 
[' J e1 e2 U1 U2 U3 U4 
el 0 0 0 U1 -U4 0 
e2 0 0 0 -2e2 -u2 U1 
U1 0 0 0 -U1 U4 0 
U2 -u1 2e2 U1 0 -2u3 -u4 
UJ U4 u2 -U4 2u3 0 0 
U4 0 -u1 0 U4 0 0 
3. 
[' J e1 e2 U1 u2 U3 U4 
e1 0 0 0 U1 -u4 0 
e2 0 0 0 0 -u2 U1 
U1 0 0 0 0 ul 0 
U2 -u1 0 0 0 e1 +ge2+(1-h)u2 hu1 
U3 U4 u2 -u1 -e1-ge2+(h-1)u2 0 -(g+h)e1 +ke2- (1 +h)u4 
U4 0 -u1 0 -hu1 (g+h)e1-ke2+(1+h)u4 0 
h ?; 0 (if k # 0), h E m_ (if k = 0) 
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4. 
[ ' ] el e2 Ul U2 U3 U4 
el 0 0 0 Ul -U4 0 
e2 0 0 0 0 -U2 Ul 
Ul 0 0 0 0 Ul 0 
U2 -ul 0 0 0 ge2+(l-h)u2 hu1 
U3 U4 U2 -u1 -ge2+(h-l)u2 0 -(g+h)e1-(l+h)u4 
U4 0 -ul 0 -hu1 (g+h)el +(l+h)u4 0 
h~O 
5. 
[,] el e2 Ul U2 U3 U4 
el 0 0 0 Ul -U4 0 
e2 0 0 0 0 -u2 Ul 
Ul 0 0 0 0 0 0 
U2 -ul 0 0 0 e1 +ge2-u2 Ul 
U3 U4 U2 0 -e1-ge2+u2 0 -gel +ke2 -u4 
U4 0 -Ul 0 -ul gel -ke2+u4 0 
6. 
[ '] el e2 Ul U2 U3 U4 
el 0 0 0 U1 -U4 0 
e2 0 0 0 0 -u2 U1 
ul 0 0 0 0 0 0 
U2 -ul 0 0 0 ge2-u2 Ul 
U3 U4 U2 0 -ge2+u2 0 -ge1-u4 
U4 0 -ul 0 -Ul gel +u4 0 
7. 
[,] el e2 Ul U2 U3 U4 
el 0 0 0 Ul -U4 0 
e2 0 0 0 0 -U2 ul 
Ul 0 0 0 0 0 0 
U2 -ul 0 0 0 e1 +e2 0 
U3 U4 U2 0 -el-e2 0 -e1 +ke2 
U4 0 -ul 0 0 e1 -ke2 0 
8. 
[ '] el e2 ul U2 U3 U4 
el 0 0 0 ul -U4 0 
e2 0 0 0 0 -u2 Ul 
Ul 0 0 0 0 0 0 
U2 -ul 0 0 0 el-e2 0 
U3 U4 U2 0 -e1 +e2 0 e1 +ke2 
U4 0 -Ul 0 0 -e1-ke2 0 
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9. 
[ ,] el e2 U1 U2 U3 U4 
el 0 0 0 ul -U4 0 
e2 0 0 0 0 -U2 Ul 
ul 0 0 0 0 0 0 
U2 -u1 0 0 0 e2 0 
U3 U4 U2 0 -e2 0 -el 
U4 0 -ul 0 0 el 0 
10. 
[ ' l e1 e2 Ul U2 U3 U4 
el 0 0 0 U1 -u4 0 
e2 0 0 0 0 -u2 ul 
U1 0 0 0 0 0 0 
U2 -ul 0 0 0 -e2 0 
U3 U4 U2 0 e2 0 el 
U4 0 -ul 0 0 -el 0 
11. 
[ ,] el e2 Ul U2 U3 U4 
e1 0 0 0 Ul -U4 0 
e2 0 0 0 0 -u2 u1 
Ul 0 0 0 0 0 0 
U2 -ul 0 0 0 el 0 
U3 U4 U2 0 -el 0 e2 
U4 0 -ul 0 0 -e2 0 
12. 
[' l el e2 Ul U2 U3 U4 
el 0 0 0 ul -u4 0 
e2 0 0 0 0 -u2 Ul 
Ul 0 0 0 0 0 0 
U2 -ul 0 0 0 el 0 
U3 U4 U2 0 -el 0 -e2 
U4 0 -ul 0 0 e2 0 
13. 
[,] el e2 Ul U2 U3 U4 
el 0 0 0 Ul -u4 0 
e2 0 0 0 0 -u2 u1 
Ul 0 0 0 0 0 0 
U2 -ul 0 0 0 el 0 
U3 U4 u2 0 -el 0 0 
U4 0 -ul 0 0 0 0 
100 B. KOMRAKOV, JNR. 
14. 
[ '] el e2 ul u2 U3 U4 
el 0 0 0 U1 -U4 0 
e2 0 0 0 0 -u2 ul 
Ul 0 0 0 0 0 0 
U2 -ul 0 0 0 0 0 
U3 U4 U2 0 0 0 0 
U4 0 -ul 0 0 0 0 
Any isotropically faithful pair (ga, ga) of type 2.52 is equivalent to one and only 
one of the following pairs: 
1. 
[ ,] el e2 Ul U2 U3 U4 
el 0 0 0 -el + u1 -u2 e2 
e2 0 0 0 -e2 U4 -el- ul 
ul 0 0 0 el- ul U2 -e2 
U2 el- ul e2 -e1 + u1 0 -2u3 -u4 
U3 U2 -U4 -u2 2u3 0 0 
U4 -e2 e1 +u1 e2 U4 0 0 
2. 
[,] el e2 ul U2 U3 U4 
el 0 0 0 U1 -U2 0 
e2 0 0 0 0 U4 -ul 
Ul 0 0 0 0 Ul 0 
U2 -ul 0 o· 0 A 2rul 
U3 U2 -u4 -ul -A 0 B 
U4 0 Ul 0 -2ru1 -B 0 
' 
where 
{ A~ (p+ s)e1 + re, + u,- 2ru4, 
B = -re1 + (p- s)e2- 2ru2 - u4, 
r ~ 0, s ~ 0 
3. 
[ ,] el e2 Ul U2 U3 U4 
el 0 0 0 Ul -u2 0 
e2 0 0 0 0 U4 -ul 
ul 0 0 0 0 0 0 
U2 -ul 0 0 0 -(r + s)e1- u4 Ul 
U3 U2 -U4 0 (r + s)e1 + U4 0 (s- r)e2- u2 
U4 0 Ul 0 -ul (r- s)e2 + u2 0 
s~O 
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4. 
[ ,] el e2 U! U2 U3 U4 
el 0 0 0 U! -u2 0 
e2 0 0 0 0 U4 -ul 
U! 0 0 0 0 0 0 
U2 -U! 0 0 0 (1 + s)e1 0 
U3 U2 -u4 0 -(1+s)ei 0 (1- s)e2 
U4 0 U! 0 0 (s- 1)e2 0 
s~O 
5. 
[ 'l el e2 U! u2 U3 U4 
el 0 0 0 U! -U2 0 
e2 0 0 0 0 U4 -ul 
U! 0 0 0 0 0 0 
U2 -ul 0 0 0 -(1 + s)e1 0 
U3 U2 -u4 0 (1 + s)e1 0 (s- 1)e2 
U4 0 U! 0 0 (1- s)e2 0 
s~O 
6. 
[ ,] el e2 U! U2 U3 U4 
el 0 0 0 U! -u2 0 
e2 0 0 0 0 U4 -ul 
U! 0 0 0 0 0 0 
U2 -ul 0 0 0 e2 0 
U3 U2 -U4 0 -e2 0 el 
U4 0 U! 0 0 -el 0 
7. 
[' l el e2 U1 U2 U3 U4 
el 0 0 0 u1 -u2 0 
e2 0 0 0 0 U4 -ul 
U! 0 0 0 0 0 0 
U2 -ul 0 0 0 0 0 
U3 U2 -u4 0 0 0 0 
U4 0 U! 0 0 0 0 
The proof of the Theorem follows from Propositions 2.5.1-2.5.11. 
Proposition 2.5.1. Any real form of the pair 2.5.1 is equivalent to one and only 
one of the following pairs: 
2.51.1, 2.52.1. 
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Proof. 1. The group of automorphisms of the pair 2.5.1 has the form: 
a 0 0 0 ac2 2ac 0 a 0 2ac ac2 0 
0 a 0 2ab ab2 0 a 0 0 0 ab2 2ab 
A= 0 0 a -ac -abc -ab 0 0 a -ab -abc -ac a E iC*, 0 0 0 1 b 0 0 0 0 0 b 1 b, c E iC 
0 0 0 0 .!. 0 0 0 0 0 .!. 0 a a 
0 0 0 0 c 1 0 0 0 1 c 0 
2. The set of anti-involutions of the pair 2.5.1 has the form: 
a 0 0 0 a'··? 2al' 
0 a 0 2af3 af32 0 
I= I= 0 0 a -aT' -af3l' -af3 0 0 0 1 f3 0 , or 
0 0 0 0 1. Q 0 
0 0 0 0 /' 1 
0 a 0 2al' a/'2 0 
a 0 0 0 af32 2af3 II=E 0 0 a -af3 -af3l' -aT' ' 
0 0 0 0 f3 1 a E iC*, 
0 0 0 0 1 0 {3, /' E iC Q 
0 0 0 1 /' 0 
3. Let A E A, I E I. Using the operation I ~---+ AIA-1 we obtain that any 
anti-involution of the pair 2.5.1 is conjugate to one and only one of the following: 
1 0 0 0 0 0 0 1 0 0 0 0 
0 1 0 0 0 0 1 0 0 0 0 0 
h= 
0 0 1 0 0 0 I2 = 0 0 1 0 0 0 0 0 0 1 0 0 0 0 0 0 0 1 
0 0 0 0 1 0 0 0 0 0 1 0 
0 0 0 0 0 1 0 0 0 1 0 0 
4. Find the set of fixed points of the mapping h. 
Let X= (a,b,x,y,z,t), I2(X) = (b,a,x,t,z,Y), h(X) =X. It follows that 
X= (a,a,x,y,z,y), where a,y E iC, x,z E IPL 
Consider the following basis of the set of fixed points: 
' . . e2 = ze1 - ze2, 
' 1 1 u2 = 2u2 + 2u4, 
In this basis the multiplication table of the real form corresponding to the anti-
involution I 2 has the form 2.52 .1. 
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Proposition 2.5.2. Any real form of the pair 2.5.2 is equivalent to one and only 
one pair: 
2.51.2. 
Proof. 1. The group of automorphisms of the pair 2.5.2 has the form: 
a 0 0 0 0 0 
0 d 0 2db db2 0 
A= 0 0 a -de -dbc -ab a, d E C*, b, c E C 0 0 0 1 b 0 
0 0 0 0 1 0 d 
0 0 0 0 c a d 
2. The set of anti-involutions of the pair 2.5.2 has the form: 
0:: 0 0 0 0 0 
0 8 0 28{3 8{32 0 
I= I= 0 0 0:: -0"( -8{3"( -af3 iJ = E, a,8 E C*, 0 0 0 1 {3 0 {3,"(EC 
0 0 0 0 1 0 8 
0 0 0 0 'Y Q 8 
3. Let A E A, IE I. Using the operation I r--+ AI A-1 we obtain that any 
anti-involution of the pair 2.5.2 is conjugate to one and only onr 
1 0 0 0 0 0 
0 1 0 0 0 0 
h= 0 0 1 0 0 0 0 0 0 1 0 0 
0 0 0 0 1 0 
0 0 0 0 0 1 
Proposition 2.5.3. Any real form of the pair 2.5.3 is equivalent to one and only 
one of the following pairs: 
Proof. 1. The group of automorphisms of the pair 2.5.3 has the form: 
if h =!= 0 or h = k = 0 
a 0 0 0 0 0 
0 a 0 0 0 0 
A= 0 0 
a2 
-ac d -ab 
a E C*, b, c, d E C 0 0 0 a b 0 
0 0 0 0 1 0 
0 0 0 0 c a 
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if h = 0, k=/=0 
a 0 0 0 0 0 
0 a 0 0 0 0 
A= 0 0 
a2 
-ac d -ab 
0 0 0 a b 0 
0 0 0 0 1 0 
0 0 0 0 c a 
0 a 0 0 0 0 
-ka 0 0 0 0 0 
0 0 -ka2 -ab d kac a E C*, 
0 0 0 0 b -ka b,c,d E C 
0 0 0 0 1 0 
0 0 0 a c 0 
2. The set of anti-involutions of the pair 2.5.3 has the form: 
if g,h,k E llR 
a 0 0 0 0 0 
0 a 0 0 0 0 
I= I= 0 0 
a2 
-a"( 8 -a/3 II= E, a E C*, 
0 0 0 a f3 0 /3,"(,8 E C 
0 0 0 0 1 0 
0 0 0 0 "( a 
if h = g- g, k E llR, k < 0 
0 a 0 0 0 0 
-ka 0 0 0 0 0 
I= I= 0 0 -ka
2 
-a/3 8 ka"( II= E, a E C*, 
0 0 0 0 f3 -ka /3,"(,8 E C 
0 0 0 0 1 0 
0 0 0 a "( 0 
For other values of g, h, k there exist no anti-involution. 
3. Let A E A, I E I. Using the operation I ~---+ AIA-1 we obtain that any 
anti-involution of the pair 2.5.3 is conjugate to one and only one of the following: 
ifg,h,kEllR 
1 0 0 0 0 0 
0 1 0 0 0 0 
h= 0 0 1 0 0 0 0 0 0 1 0 0 
0 0 0 0 1 0 
0 0 0 0 0 1 
if h = g- g, k E llR, k < 0 
0 1 0 0 0 0 yCk 
r-k 0 0 0 0 0 
I2= 0 0 1 0 0 0 0 0 0 0 0 Fk 
0 0 0 0 1 0 
0 0 0 1 0 0 yCk 
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4. Find the set of fixed points of the mapping h. 
Let X= (a,b,x,y,z,t), h(X) = (]r,-../=ka,x,~,z, k), Iz(X) =X. It 
follows that X = (a, -../=ka, x, -../=kt, z, t), where a, t E C, x, z E IPI.. 
Let g = p- ir. Consider the following basis of the set of fixed points: 
e~ = e1 + -v'='ke2, 
e~ = ie1 - i-v'='ke2, 
u~ = 2-v'='ku1, 
u~ = -v'='ku2 + U4, 
In this basis the multiplication table of the real form corresponding to the anti-
involution fz has the form 2.52 .2 (s > 0), where s = -..;=k. 
Proposition 2.5.4. Any real form of the pair 2.5.4 is equivalent to one and only 
one of the following pairs: 
Proof. 1. The group of automorphisms of the pair 2.5.4 has the form: 
if h =I= 0 
a 0 0 0 0 0 
0 d 0 0 0 0 
A= 0 0 ad -de f -ab a, d E C*, b, e, j E C 0 0 0 d b 0 
0 0 0 0 1 0 
0 0 0 0 e a 
if h = 0 
a 0 0 0 0 0 0 d 0 0 0 0 
0 d 0 0 0 0 a 0 0 0 0 0 
A= 0 0 ad -de f -ab 0 0 ad -db f -ae a,d E C*, 0 0 0 d b 0 0 0 0 0 b a b,e,j E C 
0 0 0 0 1 0 0 0 0 0 1 0 
0 0 0 0 e a 0 0 0 d e 0 
2. The set of anti-involutions of the pair 2.5.4 has the form: 
if g,h E IPI. 
a 0 0 0 0 0 
0 8 0 0 0 0 
T= I= 0 0 a8 -8"( c -a/3 iJ = E, a, 8 E C*, 0 0 0 8 (3 0 /3,"/,cEC 
0 0 0 0 1 0 
0 0 0 0 "( a 
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ifh=g-g 
0 8 0 0 0 0 
a 0 0 0 0 0 
I= I= 0 0 a8 -8/3 € -a"( il = E, a, 8 E C*, 0 0 0 0 /3 a /3,/,cEC 
0 0 0 0 1 0 
0 0 0 8 "( 0 
For other values of g, h there exist no anti-involutions. 
3. Let A E A, I E I. Using the operation I 1---7 AI A-1 we obtain that any 
anti-involution of the pair 2.5.4 is conjugate to one and only one of the following: 
If g, hEm_ 
1 0 0 0 0 0 
0 1 0 0 0 0 
h= 0 0 1 0 0 0 0 0 0 1 0 0 
0 0 0 0 1 0 
0 0 0 0 0 1 
Ifh=g-g 
0 1 0 0 0 0 
1 0 0 0 0 0 
h= 0 0 1 0 0 0 0 0 0 0 0 1 
0 0 0 0 1 0 
0 0 0 1 0 0 
4. Find the set of fixed points of the mapping I 2 . 
Let X = (a, b, x, y, z, t), I2(X) = (b, a, x, t, z, y), h(X) =X. It follows that 
X= (a, a,x, y, z, Y), where a,y E C, x,z Em.. 
Let g = p- ir. Consider the following basis of the set of fixed points: 
I 
el = el +e2, I . . e2 = 2e1 - 2e2, 
u~ = 2u1, I u2 = u2 + u4, 
I 
ua = ua, 
I . . U4 = 'tU2 - 'tU4· 
In this basis the multiplication table of the real form corresponding to the anti-
involution h has the form 2.52 .2 (s = 0). 
Proposition 2.5.5. Any real form of the pair 2.5.5 is equivalent to one and only 
one of the following pairs: 
CLASSIFICATION OF REAL PAIRS 
Proof. 1. The group of automorphisms of the pair 2.5.5 has the form: 
if k = 0 
a 0 0 0 0 0 
0 a 0 0 0 0 
A= 0 0 a2 -ac d -ab a E C*, b, c, d E C 0 0 0 a b 0 ' 
0 0 0 0 1 0 
0 0 0 0 c a 
ifk=fO 
a 0 0 0 0 0 
0 a 0 0 0 0 
A= 0 0 a2 -ac d -ab 0 0 0 a b 0 
0 0 0 0 1 0 
0 0 0 0 c a 
0 a 0 0 0 0 
-ka 0 0 0 0 0 
0 0 ka2 -ab d kac a E C*, 
0 0 0 0 b ka b, c, dEC 
0 0 0 0 -1 0 
0 0 0 -a c 0 
2. The set of anti-involutions of the pair 2.5.5 has the form: 
if g, k E lm., k ~ 0 
a 0 0 0 0 0 
0 a 0 0 0 0 
I= I= 0 0 
a2 
-a"( 0 -a/3 il = E, a E C*, 
0 0 0 a /3 0 /3,"(,0 E iC 
0 0 0 0 1 0 
0 0 0 0 "/ a 
if g, k E lm., k<O 
a 0 0 0 0 0 
0 a 0 0 0 0 
I= I= 0 0 
a2 
-a"( 0 -a/3 
0 0 0 /3 0 ' 
or 
a 
0 0 0 0 1 0 
0 0 0 0 "/ a 
0 a 0 0 0 0 
-ka 0 0 0 0 0 
0 0 ka2 -a/3 0 ka"( il = E, a E C*,/3,"(,8 E C 0 0 0 0 /3 ka 
0 0 0 0 -1 0 
0 0 0 -a "/ 0 
107 
108 B. KOMRAKOV, JNR. 
For other values of g, k there exist no anti-involution. 
3. Let A E A, I E I. Using the operation I ~--+ AI A-1 we obtain that any 
anti-involution of the pair 2.5.5 is conjugate to one and only one of the following: 
if g, k E ~' k ~ 0 
1 0 0 0 0 0 
0 1 0 0 0 0 
h= 0 0 1 0 0 0 0 0 0 1 0 0 
0 0 0 0 1 0 
0 0 0 0 0 1 
if g, k E ~' k < 0 
1 0 0 0 0 0 0 
1 0 0 0 0 vl-k 
0 1 0 0 0 0 Fk 0 0 0 0 0 
h= 0 0 1 0 0 0 h= 0 0 -1 0 0 0 0 0 0 1 0 0 0 0 0 0 0 -Fk 
0 0 0 0 1 0 0 0 0 0 -1 0 
0 0 0 0 0 1 0 0 0 1 0 0 vl-k 
4. Find the set of fixed points of the mapping I 2 . 
Let X= (a, b, x, y, z, t), I2 (X) = ( k' yCka;, -x, --yCkt, -z, k), h(X) =X. 
It follows that X= (a, Fka, x, -Fft, z, t), where a, t E C, x, z E ~i. 
Consider the following basis of the set of fixed points: 
e~ = e1 + V-ke2, 
e~ = ie1 - iV-ke2, 
u~ = 2ivf=ku1, 
u~ = ivf=ku2 + iu4, 
I . 
u3 = 2U3, 
u~ = u4- V-ku2. 
In this basis the multiplication table of the real form corresponding to the anti-
involution I 2 has the form 2.52 .3 (s > 0), where s = Fk, r =g. 
Proposition 2.5.6. Any real form of the pair 2.5.6 is equivalent to one and only 
one of the following pairs: 
2.51.6, 2.52 .3 (s = 0). 
Proof. 1. The group of automorphisms of the pair 2.5.6 has the form: 
a 0 0 0 0 0 0 d 0 0 0 0 
0 d 0 0 0 0 a 0 0 0 0 0 
A= 0 0 ad -de f -ab 0 0 -ad -db f -ac a,d E C*, 0 0 0 d b 0 0 0 0 0 b -a b,c,f E C 
0 0 0 0 1 0 0 0 0 0 -1 0 
0 0 0 0 c a 0 0 0 -d c 0 
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2. The set of anti-involutions of the pair 2.5.6 has the form: 
if g E :JlR 
a 0 0 0 0 0 
0 b 0 0 0 0 
I= I= 0 0 ab -b'"'( c -af3 0 0 0 b f3 0 , or 
0 0 0 0 1 0 
0 0 0 0 '"'( a 
0 b 0 0 0 0 
a 0 0 0 0 0 
0 0 -ab -b/3 c -a'"'( 
0 0 0 0 f3 -a 
0 0 0 0 -1 0 
0 0 0 -b '"'( 0 
For other values of g there exist no anti-involution. 
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Il=E, 
a,b E C*, 
f3,'"'f,E E C 
3. Let A E A, I E I. Using the operation I t-t AI A-1 we obtain that any 
anti-involution of the pair 2.5.6 is conjugate to one and only one of the following: 
100000 010 0 0 0 
010000 10 0 0 0 0 
0 0 1 0 0 0 0 0 -1 0 0 0 h= h= 0 0 0 1 0 0 0 0 0 0 0 -1 
0 0 0 0 1 0 0 0 0 0 -1 0 
0 0 0 0 0 1 0 0 0 -1 0 0 
4. Find the set of fixed points of the mapping I 2 . 
Let X = (a, b, x, y, z, t), I2 (X) = (6, a, -x, -t, -z, -Y), I 2 (X) = X. It follows 
that X= (a, a, x, y, z, -Y), where a, y E C, x, z E :JJRi. 
Consider the following basis of the set of fixed points: 
I f • • 
e1 = e1 + e2, e2 = zei - ze2, 
' 2. ' . . UI = 'lUI, u 2 = 'lU2 + 'lU4, 
' . ' u3 = 'lU3, u4 = U4- U2. 
In this basis the multiplication table of the real form corresponding to the anti-
involution h has the form 2.52 .3 (s = 0), where r =g. 
Proposition 2.5.7. Any real form of the pair 2.5.7 is equivalent to one and only 
one of the following pairs: 
2.5I.7, 2.5I.8, 2.52 .4(s>O), 2.52 .5(s>O). 
Proof. 1. The group of automorphisms of the pair 2.5. 7 has the form: 
if k = 0 
a 0 0 0 0 0 a 0 0 0 0 0 
0 a 0 0 0 0 0 a 0 0 0 0 
0 0 a2 --ac d --ab 0 0 -a2 -ac d --ab a E C*, A= 0 0 0 a b 0 0 0 0 -a b 0 b, c,d E C 
0 0 0 0 1 0 0 0 0 0 -1 0 
0 0 0 0 c a 0 0 0 0 c -a 
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if k # 0 
a 0 0 0 0 0 
0 a 0 0 0 0 
A= 0 0 a2 -ac d -ab 0 0 0 a b 0 
0 0 0 0 1 0 
0 0 0 0 c a 
a 0 0 0 0 0 0 a 0 0 0 0 
0 a 0 0 0 0 -ka 0 0 0 0 0 
0 0 -a2 -ac d -ab 0 0 -ka2 --dJ d kac 
0 0 0 -a b 0 0 0 0 0 b -ka ' 
0 0 0 0 -1 0 0 0 0 0 1 0 
0 0 0 0 c -a 0 0 0 a c 0 
0 a 0 0 0 0 
-ka 0 0 0 0 0 
0 0 ka2 -ab d kac a E C*, 
0 0 0 0 b ka b,c,d E C 
0 0 0 0 -1 0 
0 0 0 -a c 0 
2. The set of anti-involutions of the pair 2.5. 7 has the form: 
if k E Im., k ~ 0 
a 0 0 0 0 0 
0 a 0 0 0 0 
I= I= 0 0 
a2 
-a{ 8 -a/3 
0 0 0 /3 0 ' 
or 
a 
0 0 0 0 1 0 
0 0 0 0 I a 
a 0 0 0 0 0 
0 a 0 0 0 0 
0 0 -a2 -a{ 8 -a/3 il = E, a E C*, 
0 0 0 -a /3 0 /3,{,8 E C 
0 0 0 0 -1 0 
0 0 0 0 'Y -a 
if k E Im., k < 0 
a 0 0 0 0 0 
0 a 0 0 0 0 
I= IE 0 0 
a2 
-a{ 8 -a/3 
0 0 0 a /3 0 
0 0 0 0 1 0 
0 0 0 0 I a 
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a 0 0 0 0 0 0 a 0 0 0 0 
0 a 0 0 0 0 -ka 0 0 0 0 0 
0 0 -a2 -a')' 8 -af3 0 0 -ka2 -af3 8 ka1 
0 0 0 -a (3 0 0 0 0 0 (3 -ka 
0 0 0 0 -1 0 0 0 0 0 1 0 
0 0 0 0 ')' -a 0 0 0 a I 0 
0 a 0 0 0 0 
-ka 0 0 0 0 0 
0 0 ka2 -af3 8 ka1 f] = E, a E C*, 
0 0 0 0 (3 ka (3,1,8 E C 
0 0 0 0 -1 0 
0 0 0 -a I 0 
For other values of k there exist no anti-involutions. 
3. Let A E A, I E I. Using the operation I f---+ AI A-1 we obtain that any 
anti-involution of the pair 2.5. 7 is conjugate to one and only one of the following: 
if k E lm., k ~ 0 
1 0 0 0 0 0 1 0 0 0 0 0 
0 1 0 0 0 0 0 1 0 0 0 0 
h= 0 0 1 0 0 0 h= 0 
0 -1 0 0 0 
0 0 0 1 0 0 0 0 0 -1 0 0 
0 0 0 0 1 0 0 0 0 0 -1 0 
0 0 0 0 0 1 0 0 0 0 0 -1 
if k E lm., k < 0 
1 0 0 0 0 0 1 0 0 0 0 0 
0 1 0 0 0 0 0 1 0 0 0 0 
h= 0 0 1 0 0 0 h= 
0 0 -1 0 0 0 
0 0 0 1 0 0 0 0 0 -1 0 0 
0 0 0 0 1 0 0 0 0 0 -1 0 
0 0 0 0 0 1 0 0 0 0 0 -1 
0 1 0 0 0 0 
.r-:k 
Fk 0 0 0 0 0 
Is= 0 0 1 0 0 0 0 0 0 0 0 Fk ' 
0 0 0 0 1 0 
0 0 0 1 0 0 
.r-:k 
0 1 0 0 0 0 
.r-:k 
Fk 0 0 0 0 0 
I4= 0 0 -1 0 0 0 0 0 0 0 0 -Fk 
0 0 0 0 -1 0 
0 0 0 1 0 0 
-.r-:k 
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4. Find the set of fixed points of the mapping 12 . 
Let X = (a, b, x, y, z, t), 12(X) = (a, b, -x, -y, -z, -t), h(X) = X. It follows 
that X= (a, b, x, y, z, t), where a, bE Im., x, y, z, t E Im.i. 
Consider the following basis of the set of fixed points: 
I I 
e1 = -e1, e2 = e2, 
I · I · u1 =-"lUI, U2 = "ZU2, 
I · I · u3 = zu3, u4 = -zu4. 
In this basis the multiplication table of the real form corresponding to the anti-
involution h has the form 2.51 .8. 
5. Find the set of fixed points of the mapping h. 
Let X= (a,b,x,y,z,t), h(X) = ()~k'veka,x,v=H,:z, k), 13(X) =X. It 
follows that X= (a,veka,x,V-ld,z,t), where a,t E C, x,z E R 
Consider the following basis of the set of fixed points: 
e~ =e1 +~e2, 
e~ = ie1- i~e2, 
u~ = 2-..;Ckul, 
u~ = ..;Cku2 + u4, 
In this basis the multiplication table of the real form corresponding to the anti-
involution h has the form 2.52 .4 (s > 0), where s = vek. 
6. Find the set of fixed points of the mapping 14 . 
Let X= (a,b,x,y,z,t), I4(X) = (;h,veka,-x,~,-z, k), 14(X) =X. 
It follows that X= (a, veka, x, -Fkt, z, t), where a, t E C, x, z E Im.i. 
Consider the following basis of the set of fixed points: 
e~ = e1 +~e2, 
e~ = ie1- i~e2, 
u~ = 2i..;Ckul, 
u~ = i..;Cku2 + iu4, 
I • 
u3 = zu3, 
U~ =U4- ~U2. 
In this basis the multiplication table of the real form corresponding to the anti-
involution 14 has the form 2.52 .5 (s > 0), where s = vek. 
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Proposition 2.5.8. Any real form of tbe pair 2.5.8 is equivalent to one and only 
one of tbe following pairs: 
2.51 .9, 2.51 .10, 2.52 .4 (s = 0), 2.52 .5 (s = 0). 
Proof. 1. The group of automorphisms of the pair 2.5.8 has the form: 
a 0 
0 d 
0 
0 
A= 0 0 ad 0 0 0 
0 0 0 
0 0 0 
0 d 0 
a 0 0 
0 0 ad 
0 0 0 
0 0 0 
0 0 0 
0 
0 
-db 
0 
0 
d 
0 0 
0 0 
-de f 
d b 
0 1 
0 e 
0 0 
0 0 
f -ae 
b a 
1 0 
e 0 
0 
0 
-ab 
0 
0 
a 
0 d 
a 0 
0 0 
0 0 
0 0 
0 0 
a 0 0 0 0 
0 d 0 0 0 
0 0 -ad -de f 
0 0 0 -d b 
0 0 0 0 -1 
0 0 0 0 e 
0 0 0 0 
0 0 0 0 
-ad -db f -ae 
0 0 b -a 
0 0 -1 0 
0 -d e 0 
2. The set of anti-involutions of the pair 2.5.8 has the form: 
I= IE 
a 0 
0 8 
0 0 
0 0 
0 0 
0 0 
a 0 
0 8 
0 0 
0 0 
0 0 
0 0 
0 
0 
-a8 
0 
0 
0 
0 
0 
0 0 
0 0 
a8 -8"( c 
0 8 f3 
0 0 1 
0 0 "( 
0 0 
0 0 
0 
0 
-0"( 
-8 
c -a/3 
f3 0 
0 
0 
-1 0 
"( -a 
0 
0 
0 
0 
-a/3 
0 
0 
0 8 
a 0 
0 
0 
0 0 a8 
0 0 0 
0 0 0 
0 0 0 
0 0 
0 
0 0 
0 0 
-8/3 c 
0 f3 
0 1 
8 "( 
0 0 8 
a 0 
0 0 
0 0 
0 0 
0 0 
-a8 
0 
0 
-8/3 
0 
0 
-8 
c 
f3 
-1 
0 
-a"( 
-a 
0 
0 "( 
0 
0 
0 
0 
-ab 
0 
0 
-a 
a,d E C*, 
b,e,j E C 
0 
0 
-a"( 
a 
0 
0 
tl=E, 
a,8 E C*, 
/3,"/,c E C 
3. Let A E A, I E I. Using the operation I f---7 AIA-1 we obtain that any 
anti-involution of the pair 2.5.8 is conjugate to one and only one of the following: 
1 0 0 0 0 0 
0 1 0 0 0 0 
0 0 1 0 0 0 
0 0 0 1 0 0 
0 0 0 0 1 0 
0 0 0 0 0 1 
h= 
1 0 0 0 
0 1 0 0 
0 0 -1 0 
0 0 0 -1 
0 0 0 0 
0 0 0 0 
0 0 
0 0 
0 0 
0 0 
-1 0 
0 -1 
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0 1 0 0 0 0 0 1 0 0 0 0 
1 0 0 0 0 0 1 0 0 0 0 0 
Is= 
0 0 1 0 0 0 I4 = 0 0 
-1 0 0 0 
0 0 0 0 0 1 0 0 0 0 0 -1 
0 0 0 0 1 0 0 0 0 0 -1 0 
0 0 0 1 0 0 0 0 0 -1 0 0 
4. Find the set of fixed points of the mapping I 2 . 
Let X = (a, b, x, y, z, t), h(X) = (a, b, -x, -y, -z, -t), h(X) = X. It follows 
that X= (a, b, x, y, z, t), where a, bE 1m., x, y, z, t E Jm.i. 
Consider the following basis of the set of fixed points: 
I I 
ei = -ei, e2 = e2, 
I • I · UI =-'lUI, u 2 = 'lU2, 
I · I · 
us = zus, u4 = -zu4. 
In this basis the multiplication table of the real form corresponding to the anti-
involution I 2 has the form 2.5I.10. 
5. Find the set of fixed points of the mapping fs. 
Let X = (a, b, x, y, z, t), Is(X) = (b, a, x, t, z, y), Is(X) = X. It follows that 
X= (a,a,x,y,z,Y), where a,y E C, x,z E R 
Consider the following basis of the set of fixed points: 
u~ = 2ui, I u 2 = u2 +u4, 
I 
us= us, 
I . . 
u 4 = 'lU2 - 'lU4. 
In this basis the multiplication table of· the real form corresponding to the anti-
involution Is has the form 2.52 .4 (s = 0). 
6. Find the set of fixed points of the mapping I 4 . 
Let X = (a, b, x, y, z, t), I4(X) = (b, a, -x, -t, -z, -y), I4(X) = X. It follows 
that X= (a, a, x, y, z, -Y), where a, y E C, x, z E Im.i. 
Consider the following basis of the set of fixed points: 
I 2 · I · · UI = 'lUI, u 2 = 'lU2 + 'lU4, 
I · I Us = 'lUs, u 4 = U4- U2. 
In this basis the multiplication table of the real form corresponding to the anti-
involution I 4 has the form 2.52 .5 (s = 0). 
Proposition 2.5.9. Any real form of the pair 2.5.9 is equivalent to one and only 
one of the following pairs: 
2.5I.ll, 2.51 .12, 2.52 .6. 
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Proof. 1. The group of automorphisms of the pair 2.5.9 has the form: 
a 0 0 0 0 0 a 0 0 0 0 0 
0 a 0 0 0 0 0 a 0 0 0 0 
A= 0 0 a2 -ac d -ab 0 0 -a2 -ac d -ab 0 0 0 a b 0 0 0 0 -a b 0 
0 0 0 0 1 0 0 0 0 0 -1 0 
0 0 0 0 c a 0 0 0 0 c -a 
-a 0 0 0 0 0 -a 0 0 0 0 0 
0 a 0 0 0 0 0 a 0 0 0 0 
0 0 -ia2 -ac d ab 0 0 ia2 -ac d ab 
0 0 0 'ta b 0 0 0 0 -'ta b 0 
0 0 0 0 't 0 0 0 0 0 -'l 0 
0 0 0 0 c -'la 0 0 0 0 c w 
0 a 0 0 0 0 0 a 0 0 0 0 
-a 0 0 0 0 0 -a 0 0 0 0 0 
0 0 -a2 -ab d ac 0 0 a2 -ab d ac 
0 0 0 0 b -a 0 0 0 0 b a 
0 0 0 0 1 0 0 0 0 0 -1 0 
0 0 0 a c 0 0 0 0 -a c 0 
0 a 0 0 0 0 0 a 0 0 0 0 
a 0 0 0 0 0 a 0 0 0 0 0 
0 0 ia2 -ab d -ac 0 0 -ia2 -ab d -ac a E C*, 
0 0 0 0 b 'ta 0 0 0 0 b -ia b,c,d E C 
0 0 0 0 'l 0 0 0 0 0 --1, 0 
0 0 0 'la c 0 0 0 0 --1,a c 0 
2. The set of anti-involutions of the pair 2.5.9 has the form: 
a 0 0 0 0 0 
0 a 0 0 0 0 
I= IE 0 0 a2 -a"( 8 -a/3 0 0 0 a f3 0 
0 0 0 0 1 0 
0 0 0 0 "( a 
a 0 0 0 0 0 -a 0 0 0 0 0 
0 a 0 0 0 0 0 a 0 0 0 0 
0 0 -a2 -a"( 8 -a/3 0 0 -ia2 -a"( 8 af3 
0 0 0 -a f3 0 0 0 0 'la f3 0 
0 0 0 0 -1 0 0 0 0 0 'l 0 
0 0 0 0 "( -a 0 0 0 0 "( -'la 
-a 0 0 0 0 0 0 a 0 0 0 0 
0 a 0 0 0 0 a 0 0 0 0 0 
0 0 ia2 -a"( 8 af3 0 0 ia2 -a/3 8 -a"( 
0 0 0 -ia f3 0 0 0 0 0 f3 'la 
0 0 0 0 -'l 0 0 0 0 0 'l 0 
0 0 0 0 "( 'la 0 0 0 'la "( 0 
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0 a 0 0 0 0 
a 0 0 0 0 0 IJ=E, 0 0 -ia2 -aj3 {; -a"'( 
0 0 0 0 j3 -2a a E C*, 
0 0 0 0 -i 0 /3,"'(,b E C 
0 0 0 -2a "'( 0 
3. Let A E A, IE 'I. Using the operation I ~---+ AIA-1 we obtain that any 
anti-involution of the pair 2.5.9 is conjugate to one and only one of the following: 
1 0 0 0 0 0 -1 0 0 0 0 0 
0 1 0 0 0 0 0 1 0 0 0 0 
h= 0 0 1 0 0 0 h= 0 0 -2 0 0 0 0 0 0 1 0 0 0 0 0 2 0 0 
0 0 0 0 1 0 0 0 0 0 2 0 
0 0 0 0 0 1 0 0 0 0 0 -2 
0 1 0 0 0 0 
1 0 0 0 0 0 
I3 = 0 0 2 0 0 0 0 0 0 0 0 2 
0 0 0 0 2 0 
0 0 0 2 0 0 
4. Find the set of fixed points of the mapping 12 . 
Let X= (a, b, x, y, z, t), 12 (X) = (-a, b, -ix, iy, iz, -it), 12 (X) =X. It follows 
that X= (a, b, x- ix, y + iy, z + iz, t-it), where a E ~i, b, x, y, z, t E ~. 
Consider the following basis of the set of fixed points: 
' e2 = e2, 
' (1 - i) 
u1 = .J2 u1, ' 1 + i u2 = J2 u2, 
' 1 + i 
u3 =- .J2 u3, ' 1- i u4 = J2 u4. 
In this basis the multiplication table of the real form corresponding to the anti-
involution h has the form 2.51 .12. 
5. Find the set of fixed points of the mapping 13 . 
Let X = (a, b, x, y, z, t), fs(X) = (b, a, ix, it, iz, iy), fs(X) =X. It follows that 
X= (a,a,x +ix,y,z+iz,iY), where a,y E C, x,z E ~. 
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Consider the following basis of the set of fixed points: 
I 
e1 = e1 + e2, 
I • . 
e2 = ze 1 - ze2 , 
1 2(1 + i) 
u 1 = y'2 u~, 
1 1+i 1+i 
u2 = y'2 U2 + y'2 U4, 
I 1 + i 
u3 = y'2 u3, 
i-1 1-i U~ = y'2 U2 + y'2 U4. 
In this basis the multiplication table of the real form corresponding to the anti-
involution I 3 has the form 2.52 .6. 
Proposition 2.5.10. Any real form of the pair 2.5.10 is equivalent to one and only 
one pair: 
2.51 .13. 
Proof. 1. The group of automorphisms of the pair 2.5.10 has the form: 
ad2 0 0 0 0 0 
0 a 0 0 0 0 
0 0 a2d3 -ac f -ad2b \ A= 0 0 0 ad b 0 a, d E C*, b, c, j E C 
0 0 0 0 d 0 
0 0 0 0 c ad3 
2. The set of anti-involutions of the pair 2.5.10 has the form: 
a82 0 0 0 0 0 
0 a 0 0 0 0 
I= I= 0 0 
a283 
-a'"'( c -a82f3 II= E, a, 8 E C*, 
0 0 0 a8 f3 0 /3,'""(,cEC 
0 0 0 0 8 0 
0 0 0 0 '""( a83 
3. Let A E A, I E I. Using the operation I f--+ AI A-1 we obtain that any 
anti-involution of the pair 2.5.10 is conjugate to one and only one of the following: 
1 0 0 0 0 0 
0 1 0 0 0 0 
h= 0 0 1 0 0 0 0 0 0 1 0 0 
0 0 0 0 1 0 
0 0 0 0 0 1 
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Proposition 2.5.11. Any real form of the pair 2.5.11 is equivalent to one and only 
one of the following pairs: 
Proof. 1. The group of automorphisms of the pair 2.5.11 has the form: 
a 0 0 0 0 0 
0 d 0 0 0 0 
A= 0 0 adf -de l -ab 0 0 0 df b 0 
0 0 0 0 f 0 
0 0 0 0 c af 
0 d 0 0 0 0 
a 0 0 0 0 0 
0 0 adf -db l -ac a,d,f E C*, 
0 0 0 0 b af b, c, l E C 
0 0 0 0 f 0 
0 0 0 df c 0 
2. The set of anti-involutions of the pair 2.5.11 has the form: 
a 0 0 0 0 0 
0 8 0 0 0 0 
I= I= 0 0 a& -8[ 'T/ -a(3 0 0 0 & (3 0 ' or 
0 0 0 0 € 0 
0 0 0 0 '"Y a€ 
0 8 0 0 0 0 
a 0 0 0 0 0 
0 0 a& -6(3 'T/ -a[ II= E, a,6,E E C*, 
0 0 0 0 (3 a€ (3,'"'/,'T/ E C 
0 0 0 0 € 0 
0 0 0 & '"Y 0 
3. Let A E A, I E I. Using the operation I ~ AIA-1 we obtain that any 
anti-involution of the pair 2.5.11 is conjugate to one and only one of the following: 
1 0 0 0 0 0 0 1 0 0 0 0 
0 1 0 0 0 0 1 0 0 0 0 0 
h= 0 
0 1 0 0 0 I2 = 0 
0 1 0 0 0 
0 0 0 1 0 0 0 0 0 0 0 1 
0 0 0 0 1 0 0 0 0 0 1 0 
0 0 0 0 0 1 0 0 0 1 0 0 
4. Find the set of fixed points of the mapping I2. 
Let X= (a,b,x,y,z,t), h(X) = (b,a,x,t,z,y), h(X) =X. It follows that 
X= (a, a, x, y, z, Y), where a, y E C, x, z E IPI... 
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Consider the following basis of the set of fixed points: 
u~ = 2u1 , 
I 
u3 = u3, 
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In this basis the multiplication table of the real form corresponding to the anti-
involution 12 has the form 2.52 • 7. 
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3. REAL FORMS OF PAIRS (g, g) WITH SOLVABLE SUBALGEBRA g 
THREE- AND FOUR-DIMENSIONAL CASES 
Theorem 3.1. Any real form of the linear Lie algebra 3.1 is conjugate to one and 
only one of the following linear Lie algebras: 
3.1 1 (~ ~ ~ ~ ) 0 0 -x 0 
0 0 -z -y 
(
X -y 
y X 
0 0 
0 0 
z 
0 
-x 
y 
Any isotropically faithful pair (ga, ga) of type 3.1 1 is equivalent to one and only 
one pair: 
1. 
[ ' ] e1 e2 e3 U1 U2 U3 U4 
el 0 0 e3 U1 0 -U3 0 
e2 0 0 -e3 0 U2 0 -U4 
e3 -e3 e3 0 0 Ul -U4 0 
Ul -u1 0 0 0 0 0 0 
U2 0 -u2 -ul 0 0 0 0 
U3 U3 0 U4 0 0 0 0 
U4 0 U4 0 0 0 0 0 
Any isotropically faithful pair (ga, ga) of type 3.12 is equivalent to one and only 
one pair: 
1. 
[ ' ] e1 e2 e3 Ul U2 U3 U4 
el 0 0 2e3 U1 U2 -U3 -U4 
e2 0 0 0 U2 -U1 U4 -U3 
e3 -2e3 0 0 0 0 U1 U2 
ul -u1 -U2 0 0 0 0 0 
u2 -U2 U1 0 0 0 0 0 
U3 U3 -u4 -ul 0 0 0 0 
U4 U4 U3 -U2 0 0 0 0 
Proof. 1. The group of automorphisms of the pair 3.1.1 has the form: 
1 0 0 0 0 0 0 
0 1 0 0 0 0 0 
a -a b 0 0 0 0 
A= 0 0 0 be -ac 0 0 
0 0 0 0 c 0 0 
0 0 0 0 0 d 0 
0 0 0 0 0 ad bd 
0 -1 0 0 0 0 0 
-1 0 0 0 0 0 0 
a -a b 0 0 0 0 
0 0 0 0 0 -ad -bd b, c, d E C*, a E C 
0 0 0 0 0 d 0 
0 0 0 0 c 0 0 
0 0 0 -be ac 0 0 
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2. The set of anti-involutions of the pair 3.1.1 has the form: 
1 0 0 0 0 0 0 
0 1 0 0 0 0 0 
a -a (3 0 0 0 0 
I= I= 0 0 0 (3"'( -a"'( 0 0 
' 
or 
0 0 0 0 "Y 0 0 
0 0 0 0 0 8 0 
0 0 0 0 0 a8 (38 
0 -1 0 0 0 0 0 
-1 0 0 0 0 0 0 
a -a (3 0 0 0 0 
0 0 0 0 0 -a8 -(38 If= E,(3,"'(,8 E C*,a E C 
0 0 0 0 0 8 0 
0 0 0 0 "Y 0 0 
0 0 0 -(3"'( a"'( 0 0 
3. Let A E A, I E I. Using the operation I ~---+ AIA-1 we obtain that any 
anti-involution of the pair 3.1.1 is conjugate to one and only one of the following: 
1 0 0 0 0 0 0 0 -1 0 0 0 0 
0 1 0 0 0 0 0 -1 0 0 0 0 0 
0 0 1 0 0 0 0 0 0 1 0 0 0 
h= 0 0 0 1 0 0 0 h= 0 0 0 0 0 0 
0 0 0 0 1 0 0 0 0 0 0 0 1 
0 0 0 0 0 1 0 0 0 0 0 1 0 
0 0 0 0 0 0 1 0 0 0 -1 0 0 
4. Find the set of fixed points of the mapping I 2 . 
Let X = (a, b, c, x, y, z, t), I 2 (X) = ( -b, -71, c, -t, z, y, -x), h(X) 
follows that X= (a, -71, c, x, y, y, -x), where a, x, y E C, c E lJR. 
Consider the following basis of the set of fixed points: 
f f • • 
u 1 = U1 - U4, U2 = ZU1 + ZU4, 
f f • • Us= U2 +Us, u4 = ZU2- ZUs. 
0 
0 
0 
-1 
0 
0 
0 
X. It 
In this basis the multiplication table of the real form corresponding to the anti-
involution I 2 has the form 3.12 .1. 
Theorem 3.2. Any real form of the linear Lie algebra 3.2 is conjugate to one and 
only one of the following linear Lie algebras: 
0 
z ) -z 0 
-x 0 ' 
-y -.Ax 
0 
-y 
-x 
z 
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Any isotropically faithful pair (go-, go-) of type 3.21 is equivalent to one and only 
one of the following pairs: 
.\=0 
1. 
[ ' ] el e2 e3 ul U2 U3 U4 
el 0 e2 e3 Ul 0 -U3 0 
e2 -e2 0 0 0 Ul -U4 -2e2 
e3 -e3 0 0 0 -2e3 -U2 U1 
ul -ul 0 0 0 2e3-u1 u2+u4 2e2-u1 
U2 0 -ul 2e3 u1-2e3 0 -2u3 U2-U4 
U3 U3 U4 U2 -u2-u4 2u3 0 2u3 
U4 0 2e2 -u1 u1- 2e2 U4-U2 -2u3 0 
2. 
[ '] el e2 e3 Ul U2 U3 U4 
el 0 e2 e3 Ul 0 -U3 0 
e2 -e2 0 0 0 U1 -U4 -2e2 
e3 -e3 0 0 0 0 -U2 U1 
Ul -Ul 0 0 0 0 U2 -ul 
u2 0 -Ul 0 0 0 0 U2 
U3 U3 U4 U2 -u2 0 0 2u3 
U4 0 2e2 -u1 Ul -u2 -2u3 0 
.\=1 
3. 
[ '] el e2 e3 Ul U2 U3 U4 
el 0 0 2e3 Ul U2 -u3 ,-u4 
e2 0 0 0 0 ul -U4 0 
e3 -2e3 0 0 0 0 -U2 Ul 
Ul -ul 0 0 0 0 0 0 
U2 -U2 -ul 0 0 0 e2 0 
U3 U3 U4 U2 0 -e2 0 0 
U4 U4 0 -ul 0 0 0 0 
.\;;::0 
4. 
[ '] el e2 e3 Ul U2 U3 U4 
el 0 (1-.\)e2 (1 +.\)e3 u1 AU2 -U3 -AU4 
e2 (.\-1)e2 0 0 0 ul -U4 0 
e3 -(1 +.\)e3 0 0 0 0 -U2 U1 
Ul -u1 0 0 0 0 0 0 
U2 -.\u2 -Ul 0 0 0 0 0 
U3 U3 U4 U2 0 0 0 0 
U4 AU4 0 -ul 0 0 0 0 
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Any isotropically faithful pair (g17 , g17 ) of type 3.22 is equivalent to one and only 
one of the following pairs: 
>-=0 
1. [' l e1 e2 eg U1 u2 U3 U4 
e1 0 e2 e3 U1 0 -U3 0 
e2 -e2 0 0 0 -e2 + u1 -u2 e3 
e3 -e3 0 0 0 -e3 U4 -e2 - u 1 
U1 -u1 0 0 0 e2 - u1 U2 -e3 
U2 0 e2- u1 e3 -e2 + u1 0 -2u3 -U4 
U3 U3 U2 -U4 -u2 2u3 0 0 
U4 0 -e3 e2 +u1 e3 U4 0 0 
,\~0 
2. [' l e1 e2 e3 U1 uz Ug U4 
e1 0 e2 - Ae3 e3 + >.e2 u1 AU4 -u3 - AU2 
e2 ,\e3- ez 0 0 0 U1 -U2 0 
e3 -e3- >.e2 0 0 0 0 U4 -u1 
U1 -u1 0 0 0 0 0 0 
U2 -,\u4 -U1 0 0 0 0 0 
U3 Ug U2 -U4 0 0 0 0 
U4 ,\uz 0 U1 0 0 0 0 
The proof of the Theorem follows from Propositions 3.2.1-3.2.4. 
Proposition 3.2.1. Any real form of the pair 3.2.1 is equivalent to one and only 
one of the following pairs: 
3.21.1, 3.22 .1. 
Proof. 1. The group of automorphisms of the pair 3.2.1 has the form: 
1 0 0 0 0 0 0 
b l 
a 0 0 0 ab2 2b 
c 0 l 
a 
0 2c ac2 0 
A= 0 0 0 l a -b -abc -c 
0 0 0 0 1 ac 0 
0 0 0 0 0 a 0 
0 0 0 0 0 ab 1 
1 0 0 0 0 0 0 
b 0 l 
a 
0 2b ab2 0 
c l 
a 
0 0 0 ac2 2c 
0 0 0 1 a -c -abc -b a E tC*, b, c E C 
0 0 0 0 0 ac 1 
0 0 0 0 0 a 0 
0 0 0 0 1 ab 0 
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2. The set of anti-involutions of the pair 3.2.1 has the form: 
1 0 0 0 0 0 0 
f3 1 0 0 0 af32 2(3 a 
'"'( 0 1 a 0 2ry ary2 0 
I= I= 0 0 0 1. -(3 -a/3"( _, , or a 
0 0 0 0 1 a, 0 
0 0 0 0 0 a 0 
0 0 0 0 0 af3 1 
1 0 0 0 0 0 0 
f3 0 1 a 0 2(3 af32 0 
'"'( 1. 0 0 0 a"(2 2"( a 
0 0 0 1. -ry -af3! -(3 fl = E, a E C*, /3,/ E C a 
0 0 0 0 0 a, 1 
0 0 0 0 0 a 0 
0 0 0 0 1 af3 0 
3. Let A E A, I E I. Using the operation I t--t AI A-1 we obtain that any 
anti-involution of the pair 3.2.1 is conjugate to one and only one of the following: 
1 0 0 0 0 0 0 1 0 0 0 0 0 0 
0 1 0 0 0 0 0 0 0 1 0 0 0 0 
0 0 1 0 0 0 0 0 1 0 0 0 0 0 
h= 0 0 0 1 0 0 0 I2 = 0 0 0 1 0 0 0 
0 0 0 0 1 0 0 0 0 0 0 0 0 1 
0 0 0 0 0 1 0 0 0 0 0 0 1 0 
0 0 0 0 0 0 1 0 0 0 0 1 0 0 
4. Find the set of fixed points of the mapping h. 
Let X= (a, b, c, x, y, z, t), I2(X) = (a, c, b, x, t, z, y), h(X) =X. It follows that 
X= (a,b,b,x,y,z,Y), where b,y E C, a,x,z E JR. 
Consider the following basis of the set of fixed points: 
' 1 1 
u 2 = 2U2 + 2U4, 
' 1 u3 = 2u3, ' i i u4 = 2u2 - 2u4. 
In this basis the multiplication table of the real form corresponding to the anti-
involution h has the form 3.22 .1. 
Proposition 3.2.2. Any real form of the pair 3.2.2 is equivalent to one and only 
one pair: 
3.21 .2. 
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Proof. 1. The group of automorphisms of the pair 3.2.2 has the form: 
1000 0 0 0 
b 1 0 0 0 ab2 2b 
a 
cOdO 0 0 0 
A = 0 0 0 d -adb -abc -c a, d E C*, b, c E C 
0 0 0 0 ad ac 0 
0000 0 a 0 
0 0 0 0 0 ab 1 
2. The set of anti-involutions of the pair 3.2.2 has the form: 
1000 0 0 0 
{3 ~ 0 0 0 a/32 2{3 
"( 0 8 0 0 0 0 
I = I = 0 0 0 8 -a8 {3 -a/3"( -"( 
0 0 0 0 a8 O'."f 0 
0 000 0 0'. 0 
0 0 0 0 0 a/3 1 
II= E, a, 8 E C*, 
/3,"(EC 
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3. Let A E A, I E I. Using the operation I ~---+ AI A-1 we obtain that any 
anti-involution of the pair 3.2.2 is conjugate to one and only one: 
1 0 0 0 0 0 0 
0 1 0 0 0 0 0 
0 0 1 0 0 0 0 
h= 0 0 0 1 0 0 0 
0 0 0 0 1 0 0 
0 0 0 0 0 1 0 
0 0 0 0 0 0 1 
Proposition 3.2.3. Any real form of the pair 3.2.3 is equivalent to one and only 
one pair: 
3.21 .3. 
Proof. 1. The group of automorphisms of the pair 3.2.3 has the form: . 
1 0 0 0 0 0 0 
0 a2d 0 0 0 0 0 
c 0 d 0 0 0 0 
A= 0 0 0 a3d2 -db be a 3 dc a, d E C*, b, c E C 
-2 --2-
0 0 0 0 ad ac 0 2 
0 0 0 0 0 a 0 
0 0 0 0 0 b a 3d 
2. The set of anti-involutions of the pair 3.2.3 has the form: 
1 0 0 0 0 0 0 
0 a 28 0 0 0 0 0 
'"'( 0 8 0 0 0 0 II= E, a,8 E C*, I= I= 0 0 0 0'.3 82 -8{3 _fb.. _a3 8y 2 2 /3,"(EC 0 0 0 0 a8 ~ 0 2 
0 0 0 0 0 0'. 0 
0 0 0 0 0 {3 a 38 
126 B. KOMRAKOV, JNR. 
3. Let A E A, I E I. Using the operation I ~--+ AI A-1 we obtain that any 
anti-involution of the pair 3.2.3 is conjugate to one and only one: 
1 0 0 0 0 0 0 
0 1 0 0 0 0 0 
0 0 1 0 0 0 0 
I1 = 0 0 0 1 0 0 0 
0 0 0 0 1 0 0 
0 0 0 0 0 1 0 
0 0 0 0 0 0 1 
Proposition 3.2.4. Any real form of the pair 3.2.4 is equivalent to one and only 
one of the following pairs: 
3.21 .4 (Re.\ ~ 0, Im.\ = 0), 3.22 .2 (Re.\ = 0, Im.\ ~ 0). 
Proof. Consider the following cases: 
1. The group of automorphisms of the pair 3.2.4 has the form: 
1 0 0 0 0 0 0 
b d 0 0 0 0 0 
c 0 f 0 0 0 0 
A= 0 0 0 adf -abf -abc -acd 
0 0 0 0 af ac 0 
0 0 0 0 0 a 0 
0 0 0 0 0 ab ad 
1 0 0 0 0 0 0 
b 0 f 0 0 0 0 
c d 0 0 0 0 0 
0 0 0 adf -acf -abc -abd a, d,f E C*, b, c E C 
0 0 0 0 0 ac ad 
0 0 0 0 0 a 0 
0 0 0 0 af ab 0 
2. The set of anti-involutions of the pair 3.2.4 has the form: 
1 0 0 0 0 0 0 
/3 8 0 0 0 0 0 
'Y 0 c 0 0 0 0 
'I= I= 0 0 0 a& -a/3€ -a/3"( -a"(8 , or 
0 0 0 0 ac a"( 0 
0 0 0 0 0 a 0 
0 0 0 0 0 a/3 a8 
1 0 0 0 0 0 0 
/3 0 c 0 0 0 0 
'Y 8 0 0 0 0 0 II= E, a,8,E E C*, 0 0 0 a& -a"(€ -a/3"( -a/38 
0 0 0 0 0 a"( a8 /3,"( E C 
0 0 0 0 0 a 0 
0 0 0 0 ac aj3 0 
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3. Let A E A, I E I. Using the operation I 1-7 AI A-1 we obtain that any 
anti-involution of the pair 3.2.4 is conjugate to one and only one of the following: 
1 0 0 0 0 0 0 1 0 0 0 0 0 0 
0 1 0 0 0 0 0 0 0 1 0 0 0 0 
0 0 1 0 0 0 0 0 1 0 0 0 0 0 
h= 0 0 0 1 0 0 0 I2 = 0 0 0 1 0 0 0 
0 0 0 0 1 0 0 0 0 0 0 0 0 1 
0 0 0 0 0 1 0 0 0 0 0 0 1 0 
0 0 0 0 0 0 1 0 0 0 0 1 0 0 
4. Find the set of fixed points of the mapping I 2 . 
Let X= (a, b, c, x, y, z, t), h(X) = (a, c, b, x,t, z, y), I 2 (X) =X. It follows that 
X= (a, b, b, x, y, z, y), where b, y E C, a, x, z E IJR. 
Consider the following basis of the set of fixed points: 
In this basis the multiplication table of the real form corresponding to the anti-
involution I 2 has the form 3.22 .2 (A.= 0). 
2°. A.= 1. 
1. The group of automorphisms of the pair 3.2.4 has the form: 
1 0 0 0 0 0 0 
0 b 0 0 0 0 0 
c 0 d 0 0 0 0 
A= 0 0 0 abd -df -~ abc a, b, d E C*, c, f E C 2 -2 
0 0 0 0 ad ac 0 2 
0 0 0 0 0 a 0 
0 0 0 0 0 f ab 
2. The set of anti-involutions of the pair 3.2.4 has the form: 
1 0 0 0 0 0 0 
0 f3 0 0 0 0 0 
'"'( 0 8 0 0 0 0 il = E, a,/3,8 E C*, I= I= 0 0 0 a/38 -& _s. _a/3y 2 2 
'"'f,cEC 0 0 0 0 a8 ~ 0 2 
0 0 0 0 0 a 0 
0 0 0 0 0 c a/3 
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3. Let A E A, I E I. Using the operation I f--+ AI A-1 we obtain that any 
anti-involution of the pair 3.2.4 is conjugate to one and only one: 
1 0 0 0 0 0 0 
0 1 0 0 0 0 0 
0 0 1 0 0 0 0 
I1 = 0 0 0 1 0 0 0 
0 0 0 0 1 0 0 
0 0 0 0 0 1 0 
0 0 0 0 0 0 1 
3°. Re). > 0, Im). = 0, ). =/:- 1. 
1. The group of automorphisms of the pair 3.2.4 has the form: 
1 0 0 0 0 0 0 
b f 0 0 0 0 0 
c 0 d 0 0 0 0 
A= 0 0 0 adf a db abc _!!:E.[ a,d,f E C*, b,c E C 
-1-.\ -1-_\2 H.\ 
0 0 0 0 ad ac 0 1+.\ 
0 0 0 0 0 a 0 
0 0 0 0 0 ab af 1-.\ 
2. The set of anti-involutions of the pair 3.2.4 has the form: 
1 0 0 0 0 0 0 
{3 c 0 0 0 0 0 
"Y 0 8 0 0 0 0 fl = E, a,8,c E C*, I= I= 0 0 0 a8c _ a8f3 _2./b_ -~ 1-.\ 1-_\2 H.\ /3,"(EC 0 0 0 0 a8 ~ 0 H.\ 
0 0 0 0 0 a 0 
0 0 0 0 0 .!!§.__ ac 1-.\ 
3. Let A E A, I E I. Using the operation I f--+ AI A-1 we obtain that any 
anti-involution of the pair 3.2.4 is conjugate to one and only one: 
1 0 0 0 0 0 0 
0 1 0 0 0 0 0 
0 0 1 0 0 0 0 
h= 0 0 0 1 0 0 0 
0 0 0 0 1 0 0 
0 0 0 0 0 1 0 
0 0 0 0 0 0 1 
4°. Re). = 0, Im > 0. 
1. The group of automorphisms of the pair 3.2.4 has the form: 
1 0 0 0 0 0 0 
b f 0 0 0 0 0 
c 0 d 0 0 0 0 
A= 0 0 0 adf a db abc _!!:E.[ a, d, f E C*, b, c E C 
-1-.\ -1-_\2 1+.\ 
0 0 0 0 ad ac 0 1+.\ 
0 0 0 0 0 a 0 
0 0 0 0 0 ab af 1-.\ 
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2. The set of anti-involutions of the pair 3.2.4 has the form: 
1 0 0 0 0 0 0 
(3 0 8 0 0 0 0 
'"'( c 0 0 0 0 0 II= E, a,8,E E C*, I= I= 0 0 0 a& _a8] _2:/b_ _ a(3e 1+.A 1-.A2 1-.A (3, '"'~ E rc 0 0 0 0 0 S!:.l ac I+ .A 
0 0 0 0 0 a 0 
0 0 0 0 a8 af3 0 1-,\ 
3. Let A E A, I E I. Using the operation I r--+ AI A-1 we obtain that any 
anti-involution of the pair 3.2.4 is conjugate to one and only one: 
1 0 0 0 0 0 0 
0 0 1 0 0 0 0 
0 1 0 0 0 0 0 
h= 0 0 0 1 0 0 0 
0 0 0 0 0 0 1 
0 0 0 0 0 1 0 
0 0 0 0 1 0 0 
4. Find the set of fixed points of the mapping h. 
Let X= (a,b,c,x,y,z,t), h(X) = (a,c,b,x,t,z,y), h(X) =X. It follows that 
X= (a,b,b,x,y,z,Y), where b,y E C, a,x,z E ~. 
Consider the following basis of the set of fixed points: 
In this basis the multiplication table of the real form corresponding to the anti-
involution I 1 has the form 3.22 .2 (.A> 0). 
For other values of .A there exist no anti-involutions. 
Theorem 3.3. Any real form of the linear Lie algebra 3.3 is conjugate to one and 
only one of the following linear Lie algebras: 
jJ 0 -y 0 
z 
-z) x 
0 
0 
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Any isotropically faithful pair (_gcr, go-) of type 3.31 is equivalent to one and only 
one of the following pairs: 
1. 
[ ,] el e2 e3 Ul U2 U3 U4 
el 0 -e2 e3 0 U2 0 -U4 
e2 e2 0 0 0 ul -U4 0 
e3 -e3 0 0 0 0 -U2 Ul 
ul 0 0 0 0 0 Ul 0 
U2 -u2 -ul 0 0 0 pe3+u2 0 
U3 0 U4 U2 -Ul -pe3-U2 0 -pe2-u4 
U4 U4 0 -ul 0 0 pe2+u4 0 
2. 
[ 'l el e2 e3 Ul U2 U3 U4 
el 0 -e2 e3 0 U2 0 -u4 
e2 e2 0 0 0 Ul -u4 0 
e3 -e3 0 0 0 0 -u2 Ul 
U1 0 0 0 0 0 0 0 
U2 -u2 -u1 0 0 0 e3 0 
U3 0 U4 U2 0 -e3 0 -e2 
U4 U4 0 -ul 0 0 e2 0 
3. 
[ ' l el e2 e3 ul u2 U3 U4 
el 0 -e2 e3 0 U2 0 -U4 
e2 e2 0 0 0 U1 -U4 0 
e3 -e3 0 0 0 0 -u2 Ul 
Ul 0 0 0 0 0 0 0 
U2 -u2 -ul 0 0 0 -e3 0 
U3 0 U4 U2 0 e3 0 e2 
U4 U4 0 -ul 0 0 -e2 0 
4. 
[,] e1 e2 e3 U1 U2 U3 U4 
el 0 -e2 e3 0 U2 0 -U4 
e2 e2 0 0 0 Ul -U4 0 
e3 -e3 0 0 0 0 -u2 Ul 
Ul 0 0 0 0 0 0 0 
U2 -u2 -u1 0 0 0 0 0 
U3 0 U4 U2 0 0 0 0 
u4 U4 0 -ul 0 0 0 0 
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Any isotropically faithful pair (ga, ga) of type 3.32 is equivalent to one and only 
one of the following pairs: 
1. [ ,] el e2 e3 UI U2 U3 U4 
el 0 -e3 e2 0 U4 0 -U2 
e2 e3 0 0 0 UI -u2 0 
e3 -e2 0 0 0 0 U4 -ul 
UI 0 0 0 0 0 ul 0 
U2 -U4 -Ul 0 0 0 pe2 + u2 0 
U3 0 U2 -u4 -u1 -pe2 - u2 0 pe3- u4 
U4 U2 0 UI 0 0 -pe3 + u4 0 
2. [ ,] el e2 e3 ul U2 U3 U4 
el 0 -e3 e2 0 U4 0 -u2 
e2 e3 0 0 0 UI -u2 0 
e3 -e2 0 0 0 0 U4 -ul 
UI 0 0 0 0 0 0 0 
U2 -u4 -ul o· 0 0 e2 0 
U3 0 U2 -U4 0 -e2 0 e3 
U4 U2 0 UI 0 0 -e3 0 
3. [ ,] e1 e2 e3 UI U2 U3 U4 
el 0 -e3 e2 0 U4 0 -U2 
e2 e3 0 0 0 UI -U2 0 
e3 -e2 0 0 0 0 U4 -ul 
UI 0 0 0 0 0 0 0 
U2 -u4 -ul 0 0 0 -e2 0 
U3 0 U2 -U4 0 e2 0 -e3 
U4 U2 0 UI 0 0 e3 0 
4. [ ,] el e2 e3 ul u2 U3 U4 
el 0 -e3 e2 0 U4 0 -U2 
e2 e3 0 0 0 U1 -U2 0 
e3 -e2 0 0 0 0 U4 -u1 
UI 0 0 0 0 0 0 0 
U2 -u4 -u1 0 0 0 0 0 
U3 0 U2 -U4 0 0 0 0 
U4 U2 0 UI 0 0 0 0 
The proof of the Theorem follows from Propositions 3.3.1-3.3.3. 
Proposition 3.3.1. Any real form of the pair 3.3.1 is equivalent to one and only 
one of the following pairs: 
3.31.1, 3.32 .1. 
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Proof. 1. The group of automorphisms of the pair 3.3.1 has the form: 
1 0 0 0 0 0 0 
b d 0 0 0 0 0 
c 0 f 0 0 0 0 
A= 0 0 0 df bf a -cd 
0 0 0 0 f c 0 
0 0 0 0 0 1 0 
0 0 0 0 0 -b d 
-1 0 0 0 0 0 0 
b 0 f 0 0 0 0 
c d 0 0 0 0 0 
0 0 0 df cf a -bd d, f E C*, a, b, c E C 
0 0 0 0 0 -c d 
0 0 0 0 0 1 0 
0 0 0 0 f b 0 
2. The set of anti-involutions of the pair 3.3.1 has the form: 
ifpE:W. 
1 0 0 0 0 0 0 
(3 8 0 0 0 0 0 
"( 0 c 0 0 0 0 
I= I= 0 0 0 8c (3€ a -"(0 , or 
0 0 0 0 c "( 0 
0 0 0 0 0 1 0 
0 0 0 0 0 -(3 8 
-1 0 0 0 0 0 0 
(3 0 c 0 0 0 0 
"( 8 0 0 0 0 0 
0 0 0 8c "(€ a -(38 f]' = E, 8, c E tC*, a, (3, "( E C 
0 0 0 0 0 -"( 8 
0 0 0 0 0 1 0 
0 0 0 0 c (3 0 
For other values of p there exist no anti-involutions. 
3. Let A E A, I E I. Using the operation I r-+ AIA-1 we obtain that any 
anti-involution of the pair 3.3.1 is conjugate to one and only one of the following: 
1 0 0 0 0 0 0 -1 0 0 0 0 0 0 
0 1 0 0 0 0 0 0 0 1 0 0 0 0 
0 0 1 0 0 0 0 0 1 0 0 0 0 0 
h= 0 0 0 1 0 0 0 12 = 0 0 0 1 0 0 0 
0 0 0 0 1 0 0 0 0 0 0 0 0 1 
0 0 0 0 0 1 0 0 0 0 0 0 1 0 
0 0 0 0 0 0 1 0 0 0 0 1 0 0 
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4. Find the set of fixed points of the mapping fz. 
Let X = (a, b, c, x, y, z, t), Iz(X) = (-a, c, b, x, t, z, Y), fz(X) = X. It follows 
that X= (a, b, b, x, y, z, y), where b, y E C, a E Jm.i, x, z E JR. 
Consider the following basis of the set of fixed points: 
u~ = 2u1, 
I 
u3 = u3, 
I 
u 2 = u2 +u4, 
I . . 
u4 = ~U2 - ~u4 . 
In this basis the multiplication table of the real form corresponding to the anti-
involution I 2 has the form 3.32 .1. 
Proposition 3.3.2. Any real form of the pair 3.3.2 is equivalent to one and only 
one of the following pairs: 
3.31 .2, 3.31 .3, 3.32 .2, 3.32 .3. 
Proof. 1. The group of automorphisms of the pair 3.3.2 has the form: 
1 0 0 0 0 0 0 
b d 0 0 0 0 0 
c 0 f 0 0 0 0 
A= 0 0 0 df bf a -cd 
0 0 0 0 f c 0 
0 0 0 0 0 1 0 
0 0 0 0 0 -b d 
1 0 0 0 0 0 0 -1 0 0 0 0 0 0 
b d 0 0 0 0 0 b 0 f 0 0 0 0 
c 0 f 0 0 0 0 c d 0 0 0 0 0 
0 0 0 -df -bf a cd 0 0 0 df cf a -bd 
0 0 0 0 
-f -c 0 0 0 0 0 0 -c d 
0 0 0 0 0 -1 0 0 0 0 0 0 1 0 
0 0 0 0 0 b -d 0 0 0 0 f b 0 
-1 0 0 0 0 0 0 
b 0 f 0 0 0 0 
c d 0 0 0 0 0 
0 0 0 -df -cf a bd d, f E C*, a, b, c E C 
0 0 0 0 0 c -d 
0 0 0 0 0 -1 0 
0 0 0 0 
-f -b 0 
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2. The set of anti-involutions of the pair 3.3.2 has the form: 
IE 
1 0 0 
{3 8 0 
"( 0 c 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
1 0 0 0 0 
{3 8 0 0 0 
"( 0 c 0 0 
0 0 0 -Oc -{JE 
0 0 0 0 -E: 
0 0 0 0 0 
0 0 0 0 0 
-1 0 0 0 
{3 0 c 0 
"( 8 0 0 
0 0 0 
0 0 0 
0 0 0 
8c {3c a 
0 c "( 
0 0 1 
0 0 -{3 
0 0 
·0 0 
0 0 
a "(8 
-"( 0 
-1 0 
{3 -8 
0 0 0 
0 0 0 
0 0 0 
0 0 0 -& -"(E a {38 
0 0 0 0 0 "( -8 
0 0 0 0 0 -1 0 
0 0 0 0 -E: -{3 0 
0 
0 
0 
-"(8 
0 
0 
8 
-1 0 0 0 0 0 0 
{3 Oc 0 0 0 0 
"( 80 0 0 0 0 
0 0 0 8c "fc a -{38 
0 0 0 0 0 -"( 8 
0 00 0 01 0 
0 00 0 c {3 0 
II= E, 8, c E C*, a, {3, 'Y E tC 
3. Let A E A, I E I. Using the operation I ~---+ AI A-1 we obtain that any 
anti-involution of the pair 3.3.2 is conjugate to one and only one of the following: 
Is= 
1 0 0 0 
0 1 0 0 
0 0 1 0 
0 0 0 1 
0 0 0 0 
0 0 0 0 
0 0 0 0 
-1 0 0 0 
0 0 1 0 
0 1 0 0 
0 0 0 1 
0 0 0 0 
0 0 0 0 
0 0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
1 0 0 
0 1 0 
0 0 1 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 1 
0 1 0 
1 0 0 
' h= 
1 0 0 0 0 
0 1 0 0 0 
0 0 1 0 0 
0 0 0 -1 0 
0 0 0 0 -1 
0 0 0 0 0 
0 0 0 0 0 
-1 0 0 0 0 
0 0 1 0 0 
0 1 0 0 0 
0 0 0 -1 0 
0 0 0 0 0 
0 0 0 0 0 
0 0 0 0 -1 
4. Find the set of fixed points of the mapping h. 
0 0 
0 0 
0 0 
0 0 
0 0 
-1 0 
0 -1 
0 0 
0 0 
0 0 
0 0 
0 -1 
-1 0 
0 0 
Let X = (a, b, c, x, y, z, t), h(X) = (a, b, c, -x, -y, -z, -t), I2(X) = X. It 
follows that X= (a, b, c, x, y, z, t), where x, y, z, t E l!Ri, a, b, c E TIR. 
Consider the following basis of the set of fixed points: 
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f • f • 
u1 = 'tU1, u2 = 2u2, 
f • f • Us = 'tUs, u4 = 'tU4· 
In this basis the multiplication table of the real form corresponding to the anti-
involution h has the form 3.31 .3. 
5. Find the set of fixed points of the mapping Is. 
Let X= (a,b,c,x,y,z,t), Is(X) = (-a,c,b,x,t,z,y), Is(X) =X. It follows 
that X= (a,b,b,x,y,z,Y), where b,y E C, a E ~i, x,z E R 
Consider the following basis of the set of fixed points: 
f • f 
e1 = 'ter, e2 = e2 + es, 
f • • 
es = 2e2- 'tes, 
u~ = 2u1, f u2 = u2 +u4, 
f 
us= us, 
f . . 
u4 = 'tU2 - 'tU4. 
In this basis the multiplication table of the real form corresponding to the anti-
involution Is has the form 3.32 .2. 
6. Find the set of fixed points of the mapping I 4 . 
Let X= (a,b,c,x,y,z,t), I4(X) = (-a,c,b,-x,-t,-z,-Y), I4(X) X. It 
follows that X= (a, b, b, x, y, z, -y), where b, y E C, a, x, z E ~i. 
Consider the following basis of the set of fixed points: 
f • f 
e1 = 'ter, e2 = e2 + es, 
f • • 
es = 2e2- 'tes, 
f 2. f • • 
u1 = 'tU1, U2 = 'tU2 + '/,U4, 
f • f 
u3 = 'tUs, u4 = u4- u2. 
In this basis the multiplication table of the real form corresponding to the anti-
involution I 4 has the form 3.32 .3. 
Proposition 3.3.3. Any real form of the pair 3.3.3 is equivalent to one and only 
one of the following pairs: 
3.31 .4, 3.32 .4. 
Proof. 1. The group of automorphisms of the pair 3.3.3 has the form: 
1 0 0 0 0 0 0 
b d 0 0 0 0 0 
c 0 f 0 0 0 0 
A= 0 0 0 adf abf l -acd 
0 0 0 0 af ac 0 
0 0 0 0 0 a 0 
0 0 0 0 0 -ab ad 
-1 0 0 0 0 0 0 
b 0 f 0 0 0 0 
c d 0 0 0 0 0 
0 0 0 adf acf l -abd a, d, f E C*, b, c, l E C 
0 0 0 0 0 -ac ad 
0 0 0 0 0 a 0 
0 0 0 0 af ab 0 
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2. The set of anti-involutions of the pair 3.3.3 has the form: 
1 0 0 0 0 0 0 
(3 b 0 0 0 0 0 
'Y 0 c 0 0 0 0 
I= I= 0 0 0 abc a(Jc 'TJ -aryb , or 
0 0 0 0 ac ary 0 
0 0 0 0 0 a 0 
0 0 0 0 0 -a(J ab 
-1 0 0 0 0 0 0 
(3 0 c 0 0 0 0 
'Y b 0 0 0 0 0 f] = E, a,b,c E C*, 0 0 0 abc aryc 'TJ -a(Jb 
0 0 0 0 0 -ary ab (J,ry,'T}EC 
0 0 0 0 0 a 0 
0 0 0 0 ac a(J 0 
3. Let A E A, I E I. Using the operation I ~---+ AI A-1 we obtain that any 
anti-involution of the pair 3.3.3 is conjugate to one and only one of the following: 
1 0 0 0 0 0 0 -1 0 0 0 0 0 0 
0 1 0 0 0 0 0 0 0 1 0 0 0 0 
0 0 1 0 0 0 0 0 1 0 0 0 0 0 
h= 0 0 0 1 0 0 0 I2 = 0 0 0 1 0 0 0 
0 0 0 0 1 0 0 0 0 0 0 0 0 1 
0 0 0 0 0 1 0 0 0 0 0 0 1 0 
0 0 0 0 0 0 1 0 0 0 0 1 0 0 
4. Find the set of fixed points of the mapping I 2 . 
Let X = (a, b, c, x, y, z, t), I2 (X) = (-a, c, b, x, t, z, y), I2 (X) = X. It follows 
that X= (a,b,b,x,y,z,y), where b,y E C, a E ~i, x,z E R 
Consider the following basis of the set of fixed points: 
u~ = 2ur, 
I 
u3 = u3, 
In this basis the multiplication table of the real form corresponding to the anti-
involution I 2 has the form 3.32 .4. 
Theorem 4.1. Any real form of the linear Lie algebra 4.1 is conjugate to one and 
only one of the following linear Lie algebras: 
(
X Z 
0 y 
0 0 
0 0 
0 
-t 
-X 
-z 
jJ 0 -z -x 
t 
-t) y 
0 
0 
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Any isotropically faithful pair (go-, go-) of type 4.1 1 is equivalent to one and only 
one pair: 
1. 
[ ,] el e2 e3 e4 U! U2 U3 U4 
e1 0 0 e3 e4 U! 0 -U3 0 
e2 0 0 -e3 e4 0 U2 0 -U4 
e3 -e3 e3 0 0 0 U! -U4 0 
e4 -e4 -e4 0 0 0 0 -u2 U! 
U! -ul 0 0 0 0 0 0 0 
u2 0 -u2 -ul 0 0 0 0 0 
U3 U3 0 U4 U2 0 0 0 0 
U4 0 U4 0 -ul 0 0 0 0 
Any isotropically faithful pair (go-, go-) of type 4.12 is equivalent to one and only 
one pair: 
1. 
[,] el e2 e3 e4 U1 U2 U3 U4 
e1 0 0 e3 e4 U1 0 -U3 0 
e2 0 0 -e4 e3 0 U4 0 -U2 
e3 -e3 e4 0 0 0 u 1 -u2 0 
e4 -e4 -e3 0 0 0 0 U4 -U! 
U! -U! 0 0 0 0 0 0 0 
U2 0 -U4 -U! 0 0 0 0 0 
U3 U3 0 U2 -u4 0 0 0 0 
U4 0 U2 0 U! 0 0 0 0 
Proof. 1. The group of automorphisms of the pair 4.1.1 has the form: 
1 0 0 0 0 0 0 0 
0 1 0 0 0 0 0 0 
b -b d 0 0 0 0 0 
A= c c 0 f 0 0 0 0 0 0 0 0 adf -abf -abc -acd 
0 0 0 0 0 af ac 0 
0 0 0 0 0 0 a 0 
0 0 0 0 0 0 ab ad 
1 0 0 0 0 0 0 0 
0 -1 0 0 0 0 0 0 
b b 0 f 0 0 0 0 
c -c d 0 0 0 0 0 
a, d, f E C*, b, c E C 0 0 0 0 adf -acf -abc -abd 
0 0 0 0 0 0 ac ad 
0 0 0 0 0 0 a 0 
0 0 0 0 0 af ab 0 
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2. The set of anti-involutions of the pair 4.1.1 has the form: 
I= I= 
1 0 
0 -1 
!3 {3 
'"'( -'"'( 
0 0 
0 0 
0 0 
0 0 
1 0 
0 1 
{3 -{3 
'"'( '"'( 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 c 
8 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
8 0 
0 c 
0 0 
0 0 
0 0 
0 0 
0 
0 
0 
0 
a& 
0 
0 
0 
0 
0 
0 
0 
a& 
0 
0 
0 
0 
0 
0 
0 
-a'"'(c 
0 
0 
ac 
0 
0 
0 
0 
-a{3c 
ac 
0 
0 
0 
0 
0 
0 
-a{3'"'( 
a'"'( 
a{3 
0 
0 
0 
0 
-a{3'"'( 
a'"'( 
a 
af3 
0 
0 
0 
0 
-a/38 
a8 
0 
0 
0 
0 
0 
0 
-a'"'(8 
0 
0 
a8 
, or 
il = E, a,8,c E C*, 
/3,'"'(EC 
3. Let A E A, I E I. Using the operation I foo--t AIA-1 we obtain that any 
anti-involution of the pair 4.1.1 is conjugate to one and only one of the following: 
h= 
1 0 0 0 0 0 0 0 
0 1 0 0 0 0 0 0 
0 0 1 0 0 0 0 0 
0 0 0 1 0 0 0 0 
0 0 0 0 1 0 0 0 
0 0 0 0 0 1 0 0 
0 0 0 0 0 0 1 0 
0 0 0 0 0 0 0 1 
h= 
10 000000 
0 -1 0 0 0 0 0 0 
0 0 010000 
0 0100000 
0 0 001000 
0 0 000001 
0 0 000010 
0 0 0 0 0 1 0 0 
4. Find the set of fixed points of the mapping I2. 
Let X= (a, b, c, d, x, y, z, t), h(X) =(a, -b, d, c, x, t, z, Y), I2 (X) =X. It follows 
that X= (a, b.c, c, x, y, z, y), where c, y E C, bE JRi, a, x, z E IPL 
Consider the following basis of the set of fixed points: 
I 
el = el, I . e2 = -ze2, 
I 
e3 = e3 + e4, I . . e4 = -ze3- ze4, 
u~ = 2u1, I u2 = U2 + u4 , 
I 
u3 = u3, 
In this basis the multiplication table of the real form corresponding to the anti-
involution I 2 has the form 4.12 .1. 
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4. REAL FORMS OF PAIRS (g, g) WITH NON-SOLVABLE SUBALGEBRA g 
Let (g, g) be a complex isotropically faithful pair, where g a non-solvable subal-
gebra of g. 
In this case the computation of the automorphism group and of the set of anti-
involution for the pair (g, g) becomes increasingly complicated, especially by in the 
non-trivial case. 
We shall act in the following way: 
1) We find all real forms ga of the linear Lie algebra g. 
2) For each real linear Lie algebra ga we classify the isotropically faithful pairs 
(gO"' gO"). 
1. Finding of real forms of the linear Lie algebra g. 
Consider the following set: 
Conj(g) ={A E GL(4, C)IAgA- 1 = g}. 
Let£= {e11 ... ,en} be a basis of g, A E Conj(g). 
Then the mapping 1r: g--+ g defined by 1r(X) = AXA-1 is an isomorphism of g. 
Consider the following set: 
P = {P E GL(4, C)IPXP E g, for all X E g, PP = E}. 
Then the mapping a : g --+ g defined by a(X) = P X P is an anti-involution of g. 
Note that the set of anti-involutions of g is completely determined by P, and the 
group of automorphisms of g is completely determined by Conj(g). 
It follows that in order to obtain all anti-involutions up to the operation 7r<77r- 1 , 
it suffices to describe all PEP up to the operation AP A-I, where A E Conj(g). 
We use the following algorithm of finding all real forms of the linear Lie algebra 
g: 
1) We find Conj(g). 
2) We find P. 
3) Let A E Conj(g), P E P. Using the operation P ~---+ AP A-1 we find 
P1 , P2 , ... , Pk such that Pi=/= APjA-1 for all A E Conj(g), i, j = 1, k, i =I= j. 
4) For each matrix Pj, j = 1, k we find the matrix Ij corresponding to the 
anti-involution a j. 
5)For each anti-involution Ij, j = 1, k we find the correspondihg real form ga of 
g. 
2. Classification of isotropically faithful pairs (ga, ga) corresponding to 
the linear Lie algebra ga. 
The method of finding real isotropically faithful pairs is similar to that used for 
finding complex pairs (for a detailed description see [KT] or [K1]). 
For example, we prove the following Theorem: 
Theorem 4.2. Any real form of the linear Lie algebra 4.2 is conjugate to one and 
only one of the following linear Lie algebras: 
0 
0 
-x 
-y 
~z) 
-t 
-x 
-z 
0 
-y 
-z) -t 
y 
0 
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Any isotropically faithful pair (ga, ga) of type 4.21 is equivalent to one and only 
one of the following pairs: 
1. 
[ '] el e2 es e4 U! U2 us U4 
el 0 0 2es -2e4 U! -u2 -us U4 
e2 0 0 0 0 U! U2 -us -U4 
es -2es 0 0 el 0 U! -U4 0 
e4 2e4 0 -e1 0 U2 0 0 -us 
U! -ul -ul 0 -U2 0 0 e1 + 3e2 2es 
U2 U2 -U2 -Ul 0 0 0 2e4 -e1 + 3e2 
us us us U4 0 -e1- 3e2 -2e4 0 0 
U4 -U4 U4 0 us -2es e1- 3e2 0 0 
2. 
[ ' ] el e2 es e4 U! U2 us U4 
el 0 0 2es -2e4 U! -U2 -us U4 
e2 0 0 0 0 U! U2 -us -U4 
es -2es 0 0 el 0 U! -U4 0 
e4 2e4 0 -e1 0 U2 0 0 -us 
U! -ul -Ul 0 -u2 0 0 -e1- 3e2 -2es 
U2 U2 -U2 -U! 0 0 0 -2e4 e1- 3e2 
us us us U4 0 e1 + 3e2 2e4 0 0 
U4 -U4 U4 0 us 2es 3e2- e1 0 0 
3. 
[ '] el e2 es e4 U! U2 us U4 
el 0 0 2es -2e4 u1 -U2 -Us U4 
e2 0 0 0 0 U! U2 -us -u4 
es -2es 0 0 el 0 U! -U4 0 
e4 2e4 0 -e1 0 U2 0 0 -us 
U! -ul -U! 0 -U2 0 0 0 0 
U2 U2 -u2 -ul 0 0 0 0 0 
us us us U4 0 0 0 0 0 
U4 -u4 U4 0 us 0 0 0 0 
Any isotropically faithful pair (ga, ga) of type 4.22 is equivalent to one and only 
one of the following pairs: 
1. [,] e1 e2 es e4 U! U2 us U4 
el 0 0 2e4 -2es us -U4 -ul U2 
e2 0 0 0 0 Ug U4 -ul -U2 
es -2e4 0 0 2el -U2 U! -U4 us 
e4 2es 0 -2e1 0 U4 us -U2 -Ui 
U! -us -us U2 -U4 0 -es e1 + 3e2 e4 
U2 U4 -U4 -U! -us es 0 e4 -e1 + 3e2 
Ug U! U! U4 U2 -e1- 3e2 -e4 0 -es 
U4 -u2 U2 -us U! -e4 e1- 3e2 es 0 
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2. [ ,] e1 e2 e3 e4 U1 U2 U3 U4 
e1 0 0 2e4 -2e3 U3 -U4 -u1 U2 
e2 0 0 0 0 U3 U4 -u1 -U2 
e3 -2e4 0 0 2e1 -u2 u1 -U4 U3 
e4 2e3 0 -2e1 0 U4 U3 -U2 -u1 
U1 -u3 -u3 U2 -U4 0 e3 -e1- 3e2 -e4 
U2 U4 -U4 -u1 -U3 -e3 0 -e4 e1- 3e2 
U3 U1 U1 U4 U2 e1 + 3e2 e4 0 e3 
U4 -U2 U2 -U3 U1 e4 3e2- e1 -e3 0 
3. [ ' l e1 e2 e3 e4 U1 U2 U3 U4 
e1 0 0 2e4 -2e3 U3 -u4 -u1 U2 
e2 0 0 0 0 U3 U4 -u1 -u2 
e3 -2e4 0 0 2e1 -u2 u1 -U4 U3 
e4 2e3 0 -2e1 0 U4 u3 -u2 -u1 
u1 -U3 -U3 U2 -u4 0 0 0 0 
U2 U4 -U4 -U1 -U3 0 0 0 0 
U3 u1 U1 U4 U2 0 0 0 0 
U4 -U2 U2 -U3 U1 0 0 0 0 
The proof of the Theorem follows from Propositions 1,2. 
Proposition 1. Any real form of the linear Lie algebra 4.2 is conjugate to one and 
only one of the following linear Lie algebras: 4.21, 4.22. 
Proof. 1. The group Conj(g) has the form: 
Conj(g) = { ( ~ at6-1) ' ( at6-1 ~)I C E GL(2, C), a E C}. 
2. The set P has the form: 
P= { ( ~1 {3t~ -1) ' ( p2°-1 ~2 ) I Pr, p2 E GL(2, C), P1P1 = E, t -} P2 = 'YP2 . 
Here {3, "f E C, 1!31 = 1. 
3. Let A E Conj(g), P E P. Using the operation P f-+ AP A-1 we obtain that 
any matrix P E P is conjugate to one and only one of the following: 
(
1 0 0 0) 0 1 0 0 
p 1 = 0 0 1 0 ' 
0 0 0 1 
(
0 0 1 0) 0 0 0 1 
p 2 = 1 0 0 0 . 
0 1 0 0 
4. For Pj, j = 1, 2 we find the matrix Ij· We obtain that any anti-involution of 
the linear Lie algebra 4.2 is conjugate to one and only one of the following: 
Ir = (~ ~ 
0 0 
0 0) 0 0 
1 0 ' 
0 1 
(
-1 
I,= ~ 
0 
-1 
0 
0 
0 0 ) 0 0 
0 -1 . 
-1 0 
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4. Find the set of fixed points of the mapping h. 
Let X = (a, b, c, d), h(X) = (-a, -b, -d, -c), I2 (X) 
X = (a, b, c, -c), where a, bE TIRi, c E C. 
Consider the following basis of the set of fixed points: 
X. It follows that 
In this basis the real form of g corresponding to the anti-involution h has the form 
4.22 . 
Proposition 2. Any isotropically faithful pair (.9"", g"") of type 4.21 is equivalent · 
to one and only one of tbe following pairs: 4.21.1, 4.21.2, 4.21.3. 
Any isotropically faithful pair (.9"", g"") of type 4.22 is equivalent to one and only 
one oftbe following pairs: 4.22.1, 4.22.2, 4.22.3. 
Proof. The case 4.21 is over C. 
We prove the Proposition by using a similar method of classification over TIR. 
Consider the pairs 4.21 .1 and 4.21 .2. 
Since one of them is isomorphic to s[(3, TIR) and the other to su(2, 1), we see that 
the pairs 4.21 .1 and 4.21 .2 are not equivalent. 
Consider the case 4.22 . 
Let E = { e1, e2, e3, e4} be a basis of g, where 
Then 
(
0 0 
0 0 
1 0 
0 -1 
0 0 
0 0 
0 0 
0 2 
0 0 
0 0 
0 0 
0 0 
and for x E g the matrix B(x) is identified with x. 
0 0 
0 -1 
1 0 
0 0 
~1) 
0 ' 
0 
~1) 
0 . 
0 
~ ~ ~). 
0 
0 
0 
0 
-2 
0 
0 
0 
Lemma. Any virtual structure q on generalized module 4.22 is trivial. 
Proof. Let q be a virtual structure on generalized module 4.22 . Note that a = 
TIRe1 EB TIRe3 EB TIRe4 is a semisimple subalgebra of the Lie algebra g"". Without loss of 
generality it can be assumed that q(a) = {0}. Therefore 
C(e1) = C(e3) = C(e4) = 0, C(e2) = (c}jh~i~4· 
1~j~4 
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Checking condition (3), Chapter I, [Kl], we obtain: 
This completes the proof of the Lemma. 
Let (gcr, gcr) be a pair of type 4.22 . Then it can be assumed that the corresponding 
virtual pair (gcr, gcr) is defined by the trivial virtual structure. 
Then 
[e1, e2] = 0, 
[e1, e3] = 2e4, [e2, e3] = 0, 
[e1, e4] = -2e3, [e2, e4] = 0, [e3, e4] = 2e1, 
[e1, u1] = u3, [e2, u1] = u3, [e3, u1] = -u2, [e4, u1] = u4, 
[e1, u2] = -u4, [e2, u2] = u4, [e3,u2] = u1, [e4, u2] = u3, 
[e1,u3] = -u1, [e2, u3] = -u1, [e3, u3] = -u4, [e4, u3] = -u2, 
[e1, u4] = u2, [e2, u4] = -u2, [e3, u4] = u3, [e4, u4] = -u1. 
Put 
[u1,u2] = a1e1 + a2e2 + CX1U1 + CX2U2 + CX3U3 + CX4U4, 
[u1, u3] = b1e1 + b2e2 + f31u1 + f32u2 + f33u3 + f34u4, 
[u1, u4] = c1e1 + c2e2 + /'1 u1 + 1'2U2 + /'3U3 + /'4U4, 
[u2, u3] = d1e1 + d2e2 + 81 u1 + 82u2 + 83u3 + 84u4, 
[u2, u4] = h e1 + he2 + 'r/1 u1 + 'TJ2U2 + "73U3 + 'r/4 u4, 
[u3, U4j = k1 e1 + k2e2 + c1 U1 + c2U2 + €3U3 + c4 U4. 
Using the Jacobi identity we obtain that the pair (gcr ,gcr) has the form: 
[ ' l e1 e2 e3 e4 U1 U2 U3 U4 
e1 0 0 2e4 -2e3 U3 -U4 -u1 U2 
e2 0 0 0 0 U3 U4 -u1 -u2 
e3 -2e4 0 0 2e1 -U2 U1 -U4 U3 
e4 2e3 0 -2e1 0 U4 U3 -u2 -U1 
U1 -us -us U2 -U4 0 -b1es b1e1 + 3ble2 b1e4 
U2 U4 -U4 -ul -us b1es 0 b1e4 -b1 e1 + 3bl e2 
us U! U! U4 U2 -b1 e1 - 3bl e2 -b1e4 0 -b1es 
U4 -U2 U2 -us U! -b1e4 b1e1 - 3ble2 b1es 0 
Consider the following cases: 
1 o. b1 > 0. Then the pair (gcr, gcr) is equivalent to the pair (gf, gl) by means of 
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the mapping 1r : g1 -+ gO", where 
1r(e1) = e1, 
1r( e2) = e2, 
1r(e3) = e3, 
1r(e4) = e4, 
1 
1r(u1) = fi u1, 
vb1 
1 
1r(u2) = fi u2, 
vb1 
1 
1r( u3) = fi u3, 
vb1 
1 
1r(u4) = fi u4. 
vb1 
------------------------
2°. b1 < 0. Then the pair (gO", gO") is equivalent to the pair (g2, g2) by means of 
the mapping 1r : g2 -+ gO", where 
1r(e1) = e1, 
1r(e2) = e2, 
1r(e3) = e3, 
1r(e4) = e4, 
1 
1r(u1) = f"""T""u1, 
y-bl 
1 
7r( U2) = f"""T"" U2, 
y-bl 
1 
1r(u3) = f"""T""u3, 
y-bl 
1 
7r ( U4) = f"""T"" U4. 
y-bl 
3°. b1 = 0. Then the pair (gO", gO") is equivalent to the trivial pair (g3, g3). 
Since dim Dgf =I= dim Dg3, i = 1, 2 we see that the pairs (gf, gi) and (g3, g3) 
are not equivalent. 
Consider the pairs (g1, g1) and (g2, g2). 
Since one of them is isomorphic to su(3) and the other to su(2, 1), we see that 
the pairs (gl, gl) and (g2, g2)- are not equivalent. 
The proof of the Proposition is complete. 
The proof of the following Theorems is similar. 
Theorem 3.4. Any real form of tbe linear Lie algebra 3.4 is conjugate to one and 
only one of tbe following linear Lie algebras: 
3.41 (~ ix }~ ~z) 3.42 y 0 z 
-x 
-x 
-z 
0 
-y 
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Any isotropically faithful pair (9a, ga) of type 3.41 is equivalent to one and only 
one pair: 
1. [ ' l e1 e2 e3 U1 U2 U3 U4 
e1 0 2e2 -2e3 u1 -u2 -u3 U4 
e2 -2e2 0 e1 0 U1 -U4 0 
e3 2e3 -e1 0 U2 0 0 -U3 
U1 -u1 0 -U2 0 0 0 0 
U2 U2 -u1 0 0 0 0 0 
U3 U3 U4 0 0 0 0 0 
U4 -U4 0 U3 0 0 0 0 
Any isotropically faithful pair (9a, ga) of type 3.42 is equivalent to one and only 
one pair: 
1. [ ' l e1 e2 e3 u1 U2 U3 U4 
e1 0 2e3 -2ez U3 -u4 -u1 u2 
e2 -2e3 0 2e1 -u2 U1 -U4 U3 
e3 2e2 -2e1 0 U4 U3 -u2 -u1 
u1 -U3 U2 -U4 0 0 0 0 
U2 U4 -u1 -u3 0 0 0 0 
U3 U1 U4 U2 0 0 0 0 
U4 -u2 -U3 U1 0 0 0 0 
Theorem 3.5. Any real form of the linear Lie algebra 3.5 is conjugate to one and 
only one of the following linear Lie algebras: 
(
2x 
2z 
0 
0 
y 0 0) 0 -2y 0 
-z -2x 0 
0 0 0 
( _ox 
-y 
0 
X 
0 
-z 
0 
y 0) z 0 
0 0 
0 0 
Any isotropically faithful pair (9a, ga) of type 3.51 is equivalent to one and only 
one of the following pairs: 
1. [ ,] e1 e2 e3 U1 U2 U3 U4 
e1 0 2e2 -2e3 2u1 0 -2u3 0 
e2 -2e2 0 e1 0 U1 -2u2 0 
e3 2e3 -e1 0 2u2 -u3 0 0 
U1 -2u1 0 -2u2 0 0 0 U1 
U2 0 -u1 U3 0 0 0 U2 
U3 2u3 2u2 0 0 0 0 U3 
U4 0 0 0 -u1 -u2 -U3 0 
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2. 
[ ' ] el e2 e3 Ul U2 U3 U4 
el 0 2e2 -2e3 2ul 0 -2u3 0 
e2 -2e2 0 el 0 Ul -2u2 0 
e3 2e3 -el 0 2u2 -U3 0 0 
Ul -2u1 0 -2u2 0 e2 el 0 
U2 0 -ul U3 -e2 0 e3 0 
U3 2u3 2u2 0 -el -e3 0 0 
U4 0 0 0 0 0 0 0 
3. 
[ ' ] el e2 e3 Ul U2 U3 U4 
el 0 2e2 -2e3 2ul 0 -2u3 0 
e2 -2e2 0 el 0 Ul -2u2 0 
e3 2e3 -el 0 2u2 -U3 0 0 
Ul -2u1 0 -2u2 0 -e2 -el 0 
U2 0 -ul U3 e2 0 -e3 0 
U3 2u3 2u2 0 el e3 0 0 
U4 0 0 0 0 0 0 0 
4. [,] e1 e2 e3 Ul U2 U3 U4 
el 0 2e2 -2e3 2u1 0 -2u3 0 
e2 -2e2 0 e1 0 U1 -2u2 0 
e3 2e3 -el 0 2u2 -U3 0 0 
Ul -2ul 0 -2u2 0 0 0 0 
U2 0 -ul U3 0 0 0 0 
U3 2u3 2u2 0 0 0 0 0 
U4 0 0 0 0 0 0 0 
Any isotropically faithful pair (g"", g"") of type 3.52 is equivalent to one and only 
one of the following pairs: 
1. 
[ ' ] el e2 e3 Ul U2 U3 U4 
el 0 -e3 e2 -u2 Ul 0 0 
e2 e3 0 -el -u3 0 Ul 0 
e3 -e2 e1 0 0 -U3 U2 0 
Ul U2 U3 0 0 0 0 Ul 
U2 -ul 0 U3 0 0 0 U2 
U3 0 -ul -u2 0 0 0 U3 
U4 0 0 0 -ul -u2 -u3 0 
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2. [,] e1 e2 e3 ul U2 u3 u4 
el 0 -e3 e2 -u2 Ul 0 0 
e2 e3 0 -el -U3 0 UI 0 
e3 -e2 el 0 0 -U3 U2 0 
ul U2 U3 0 0 el e2 0 
u2 -ul 0 U3 -el 0 e3 0 
U3 0 -ul -u2 -e2 -e3 0 0 
U4 0 0 0 0 0 0 0 
3. [,] el e2 e3 UI U2 U3 U4 
el 0 -e3 e2 -U2 ul 0 0 
e2 e3 0 -el -U3 0 ul 0 
e3 -e2 el 0 0 -U3 U2 0 
ul U2 U3 0 0 -el -e2 0 
U2 -ul 0 U3 el 0 -e3 0 
U3 0 -ul -u2 e2 e3 0 0 
U4 0 0 0 0 0 0 0 
4. [ ,] e1 e2 e3 UI U2 U3 U4 
el 0 -e3 e2 -U2 U! 0 0 
e2 e3 0 -el -U3 0 U! 0 
e3 -e2 el 0 0 -u3 U2 0 
U! U2 U3 0 0 0 0 0 
U2 -ul 0 U3 0 0 0 0 
U3 0 -ul -u2 0 0 0 0 
U4 0 0 0 0 0 0 0 
Theorem 4.3. Any real form of the linear Lie algebra 4.3 is conjugate to one and 
only one linear Lie algebra: 
(~ y 0 ~z) 4.31 -x -t 0 -x 0 -y 
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Any isotropically faithful pair (ga, g17 ) of type 4.31 is equivalent to one and only 
one of the following pairs: 
1. [,] e1 e2 e3 e4 U! U2 U3 U4 
el 0 2e2 -2e3 0 U1 -U2 -U3 U4 
e2 -2e2 0 el 0 0 U1 -U4 0 
e3 2e3 -e1 0 0 U2 0 0 -U3 
e4 0 0 0 0 0 0 -U2 U1 
U! -U1 0 -U2 0 0 0 0 0 
U2 U2 -ul 0 0 0 0 0 0 
U3 U3 U4 0 U2 0 0 0 e4 
U4 -U4 0 U3 -u1 0 0 -e4 0 
2. 
[ ' ] e1 e2 e3 e4 U1 U2 U3 U4 
e1 0 2e2 -2e3 0 U1 -U2 -U3 U4 
e2 -2e2 0 e1 0 0 U1 -U4 0 
e3 2e3 -e1 0 0 U2 0 0 -U3 
e4 0 0 0 0 0 0 -U2 U1 
U1 -ul 0 -U2 0 0 0 0 0 
U2 U2 -ul 0 0 0 0 0 0 
U3 U3 U4 0 U2 0 0 0 0 
U4 -U4 0 U3 -u1 0 0 0 0 
Theorem 5.1. Any real form of the linear Lie algebra 5.1 is conjugate to one and 
only one linear Lie algebra: 
(~ y 0 ~z) 5.11 t -u 0 -x 0 -y -t 
Any isotropically faithful pair (g17 , g17 ) of type 5.11 is equivalent to one and only 
one pair: 
1. 
[ ' ] e1 e2 e3 e4 es U1 U2 U3 U4 
el 0 0 2e3 -2e4 0 u 1 -u2 -U3 U4 
e2 0 0 0 0 2es U! U2 -u3 -u4 
e3 -2e3 0 0 e1 0 0 U! -U4 0 
e4 2e4 0 -e1 0 0 U2 0 0 -u3 
es 0 -2es 0 0 0 0 0 -U2 U1 
U1 -U1 -U1 0 -u2 0 0 0 0 0 
U2 U2 -U2 -ul 0 0 0 0 0 0 
U3 U3 U3 U4 0 U2 0 0 0 0 
U4 -U4 U4 0 U3 -u1 0 0 0 0 
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Theorem 6.1. Any real form of the linear Lie algebra 6.1 is conjugate to one and 
only one of the following linear Lie algebras: 
ov 
y 0 
3z) ex X y D 6.11 t -u 6.12 0 t v -x -y -t 0 0 -y -t -z -u -v 
ex 
X y 
D 6.13 0 t -y -t 0 z u v 
Any isotropically faithful pair (g17 , g17 ) of type 6.11 is equivalent to one and only 
one of the following pairs: 
1. [,] e1 e2 e3 e4 es e6 U1 U2 U3 U4 
e1 0 0 2e3 -2e4 0 0 U1 -u2 -U3 U4 
e2 0 0 0 0 2es -2e6 U1 U2 -u3 -U4 
e3 -2e3 0 0 e1 0 0 0 U1 -U4 0 
e4 2e4 0 -el 0 0 0 U2 0 0 -U3 
es 0 -2es 0 0 0 -e2 0 0 -u2 U1 
e6 0 2e6 0 0 e2 0 -U4 U3 0 0 
U1 -U1 -U1 0 -U2 0 U4 0 2es e1 + e2 2e3 
U2 U2 -U2 -U1 0 0 -u3 -2es 0 2e4 -e1 + e2 
U3 U3 U3 U4 0 U2 0 -e1- e2 -2e4 0 2e6 
U4 -U4 U4 0 U3 -U1 0 -2e3 e1- e2 -2e6 0 
2. 
[ ' ] e1 e2 e3 e4 es e6 U1 U2 U3 U4 
e1 0 0 2e3 -2e4 0 0 U1 -u2 -u3 U4 
e2 0 0 0 0 2es -2e6 U1 U2 -U3 -U4 
e3 -2e3 0 0 e1 0 0 0 U1 -U4 0 
e4 2e4 0 -e1 0 0 0 U2 0 0 -U3 
es 0 -2es 0 0 0 -e2 0 0 -U2 U1 
e6 0 2e6 0 0 e2 0 -u4 U3 0 0 
U1 -U1 -U1 0 -U2 0 U4 0 0 0 0 
U2 U2 -u2 -U1 0 0 -U3 0 0 0 0 
U3 U3 U3 U4 0 U2 0 0 0 0 0 
U4 -U4 U4 0 U3 -U1 0 0 0 0 0 
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Any isotropically faithful pair (gu, gu) of type 6.1 2 is equivalent to one and only 
one of the following pairs: 
1. 
[ ' ] el e2 es e4 es e6 Ul U2 us U4 
el 0 -e4 -es e2 es 0 -u2 ul 0 0 
e2 e4 0 -e6 -el 0 es -us 0 Ul 0 
es es e6 0 0 -el -e2 -u4 0 0 U1 
e4 -e2 el 0 0 -e6 es 0 -us U2 0 
es -es 0 el e6 0 -e4 0 -U4 0 U2 
e6 0 -es e2 -es e4 0 0 0 -U4 Us 
Ul U2 us U4 0 0 0 0 el e2 es 
u2 -ul 0 0 us U4 0 -el 0 e4 es 
us 0 -Ul 0 -U2 0 U4 -e2 -e4 0 e6 
U4 0 0 -ul 0 -U2 -us -es -es -e6 0 
2. 
[ '] e1 e2 es e4 es e6 ul u2 us U4 
el 0 -e4 -es e2 es 0 -u2 ul 0 0 
e2 e4 0 -e6 -el 0 es -us 0 ul 0 
es es e6 0 0 -el -e2 -u4 0 0 U1 
e4 -e2 e1 0 0 -e6 es 0 -us U2 0 
es -es 0 el e6 0 -e4 0 -U4 0 U2 
e6 0 -es e2 -es e4 0 0 0 -U4 us 
ul U2 us U4 0 0 0 0 -el -e2 -es 
U2 -ul 0 0 us U4 0 el 0 -e4 -es 
us 0 -Ul 0 -U2 0 U4 e2 e4 0 -e6 
U4 0 0 -ul 0 -u2 -us es es e6 0 
3. [,] e1 e2 es e4 es e6 Ul U2 us U4 
el 0 -e4 -es e2 es 0 -U2 ul 0 0 
e2 e4 0 -e6 -el 0 es -us 0 Ul 0 
es es e6 0 0 -el -e2 -u4 0 0 Ul 
e4 -e2 el 0 0 -e6 es 0 -us U2 0 
es -es 0 el e6 0 -e4 0 -u4 0 U2 
e6 0 -es e2 -es e4 0 0 0 -U4 Us 
Ul U2 us U4 0 0 0 0 0 0 0 
U2 -ul 0 0 us U4 0 0 0 0 0 
us 0 -Ul 0 -u2 0 U4 0 0 0 0 
U4 0 0 -ul 0 -u2 -us 0 0 0 0 
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Any isotropically faithful pair (go-, go-) of type 6.13 is equivalent to one and only 
one of the following pairs: 
1. [ ,] el e2 e3 
€4 es e6 U! U2 U3 U4 
el 0 -e4 -es e2 e3 0 -u2 U! 0 0 
e2 e4 0 -e6 -el 0 e3 -u3 0 U! 0 
e3 es e6 0 0 el e2 u4 0 0 U! 
e4 -e2 el 0 0 -e6 es 0 -U3 U2 0 
es -e3 0 -el e6 0 e4 0 U4 0 U2 
e6 0 -e3 -e2 -es -e4 0 0 0 U4 U3 
U! U2 U3 -U4 0 0 0 0 el e2 -e3 
U2 -U! 0 0 U3 -U4 0 -el 0 e4 -es 
U3 0 -U! 0 -U2 0 -u4 -e2 e4 0 -e6 
U4 0 0 -U! 0 -U2 -u3 e3 es e6 0 
2. [,] el e2 e3 e4 es e6 U! U2 U3 U4 
el 0 -e4 -es e2 e3 0 -u2 U! 0 0 
e2 e4 0 -e6 -el 0 e3 -U3 0 U! 0 
e3 es e6 0 0 el e2 U4 0 0 U! 
e4 -e2 el 0 0 -e6 es 0 -U3 U2 0 
es -e3 0 -el e6 0 e4 0 U4 0 U2 
e6 0 -e3 -e2 -es -e4 0 0 0 U4 U3 
U! U2 U3 -U4 0 0 0 0 -el -e2 e3 
U2 -U! 0 0 U3 -u4 0 el 0 -e4 es 
U3 0 -U! 0 -U2 0 -u4 e2 -e4 0 e6 
U4 0 0 -U! 0 -u2 -u3 -e3 -es -e6 0 
3. [,] el e2 e3 e4 es e6 U! U2 U3 U4 
el 0 -e4 -es e2 €3 0 -u2 U! 0 0 
e2 e4 0 -e6 -el 0 e3 -U3 0 U! 0 
e3 es e6 0 0 el e2 U4 0 0 U1 
e4 -e2 el 0 0 -e6 es 0 -U3 U2 0 
es -e3 0 -e1 e6 0 e4 0 U4 0 U2 
e6 0 -e3 -e2 -es -e4 0 0 0 U4 U3 
U! u2 U3 -U4 0 0 0 0 0 0 0 
U2 -U! 0 0 U3 -u4 0 0 0 0 0 
U3 0 -U! 0 -U2 0 -U4 0 0 0 0 
U4 0 0 -U! 0 -u2 -U3 0 0 0 0 
152 B. KOMRAKOV, JNR. 
REFERENCES 
[DK] B. Doubrov and B. Komrakov, Low-Dimensional pseudo-Riemannian homogeneous spaces, 
Preprint University of Oslo, No. 13 (March 1995). 
[I] S. Ishihara, Homogeneous Riemannian spaces of four dimensions, Jour. of the Math. Soc. 
of Japan, 7 (1955), 345-370. 
[K] B. Komrakov, Jnr., Four-dimensional pseudo-Riemannian homogeneous spaces. Classifi-
cation of complex pairs, Preprint University of Oslo, No. 34 (December 1993). 
[K1] B. Komrakov, Jnr., Four-dimensional pseudo-Riemannian homogeneous spaces. Classifi-
cation of complex pairs II, Preprint University of Oslo, No. 25 (May 1995). 
[KT] B. Komrakov, A. Tchourioumov and others, Three-dimensional isotropically-faithful ho-
mogeneous spaces, Preprint University of Oslo, No. 35-37 (Nov. 1993). 
[KTD] B. Komrakov, A. Tchourioumov, B. Doubrov, Two-dimensional homogeneous spaces, Pre-
print University of Oslo, No.17 (June 1993). 
[L1] S. Lie, Theorie der Transformationsgruppen. III. Bestimmung aller Gruppen einer zweifach 
ausgedehnten Punktmannigfaltigkeit, Arch. for Math., Bd. III (1878), 93-165, Kristiania. 
[L2] S. Lie, Theorie der Transformationsgruppen. Ab. III, Teubner, Leipzig, 1893. 
[L3] S. Lie, G. Scheffers, Continuierliche Gruppen, Teubner, Leipzig, 1893. 
[M] G. Mostow, The extensibility of local Lie groups of transformations and groups on surfaces, 
Ann. of Math., 32 (1950). 
